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Abstract 



o- 

*^, Let a simple random walk run inside a torus of dimension three or higher for a number 

of steps which is a constant proportion of the volume. We examine geometric properties 

C^ ■ of the range, the random subgraph induced by the set of vertices visited by the walk. Dis- 

tance and mixing bounds for the typical range are proven that are a /c-iterated log factor 
from those on the full torus for arbitrary k. The proof uses hierarchical renormalization 

Ph ■ and techniques that can possibly be applied to other random processes in the Euclidean 

lattice. We use the same technique to bound the heat kernel of a random walk on the 

■ ^ ■ trace of random interlacements. 
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1 Introduction 

Consider a discrete torus of side length A^ in dimension d > 3. Let a simple random walk run 
in the torus until it fills a constant proportion of the torus and examine the range, the random 
subgraph induced by the set of vertices visited by the walk. How well does this range capture 
the geometry of the torus? Viewing the range as a random perturbation of the torus, we can 
draw hope that at least some geometric properties of the torus are retained, by considering 
results on a more elementary random perturbation, Bernoulli percolation. 

It is now known that various properties of the Euclidean lattice "survive" Bernoulli per- 
colation with density p > Pc(^^)- In |AP96j . Antal and Pisztora proved that there is a finite 
C{p, d) such that the graph distance between any two vertices in the infinite cluster is less than 
C times their I2 distance, with probability exponentially high in this distance. Isoperimetric 
bounds for the largest connected cluster in a fixed box of side n were given by Benjamini and 
Mossel for p sufficiently close to 1 in |BM03j . and by Mathieu and Remy for p > p^'ui |MR04j . 
A consequence is that the mixing time for a random walk on this cluster has the same order 
bound, 6{n'^), as on the full box. In [Pet 08] Pete extends this result to more general graphs. 








Figure 1.1: From left to right, the range in 2 dimensions, a slice in 3 dimensions and Bernoulli 
percolation, all of density 0.3 



Returning to our process, in Figure 11.11 simulation pictures are shown that give heuristical 
support to the view that although the range for d > 3 has long range dependence, it bears 
some similarities to iid site percolation. Indeed, one can see that the middle picture, a 2d slice 
of the range of a walk that filled 30% of a 3d torus, is "in between", dependence- wise, the 
iid picture on the right and the highly dependent picture on the left where the effect of two 



dimensional recurrence is evident. Thus one might expect analogous geometric behavior of the 
range for d > 3 and iid percolation. This partially turns out to be the case. 

In |BS08j . the complement of the range, called the vacant set, is investigated by Benjamini 
and Sznitman. For positive u, it is shown uN*^ is indeed the proper timescale to generate 
percolative behavior of the vacant set. Starting at the uniform distribution, it is easily shown 
that for some c{u, d) > 0, the probability a given vertex in the torus is visited by the walk is 
between c and 1 — c, independently of A^. A more difficult result is that for small u, the vacant 
set typically contains a connected component that is larger than some constant proportion of 
the torus. Indeed, simulations support the existence of a phase transition in u of the vacant 
set geometry, where below some critical Mc > 0, a unique giant component appears, and above 
it all clusters are microscopic. 

The range, unlike the vacant set, does not display an obvious phase transition in u. It is 
connected for all positive u, and fills a c'{u, d) > proportion of the torus with high probability. 
Despite the analogy to percolation being fiawed in this respect, the range does display some 
percolative behavior due to the Markov property and uniform transience of a random walk 
in d > 2. Roughly, conditioning on the vertices by which the walk enters and exits a small 
box makes the path in between them independent from the walk outside this box. Using 
this idea and facts from percolation theory gathered in Section HI we prove the range does 
capture the distance and isoperimetric bounds of the torus, though our methods require an 
iterated logarithmic correction to the bounds of the full torus. In Section it is shown that 
for arbitrarily small u > 0, the range asymptotically dominates a recursive structure, defined 
in Section [21 which can roughly be described as a finite-level supercritical fractal percolation. 
From this structure we extract distance bounds (Section [9]) and mixing bounds (Section |3]) 
that are a log*- {N) = log(log(- ■ ■ (log(A^) ■ ■ ■ k- ■ ■) factor from those on the torus. 

Let us expand a bit on the heuristics presented in the previous paragraph. Since the holes 
in the range are larger than those in i.i.d percolation (see the last comment in |BS08j ). one 
can never hope to dominate it. Instead, we formulate a notion of density of a box of side n, 
which essentially means that it is crossed top to bottom (traversed) by the random walk an 
order of n^~'^ times. A union bound then gives that w.h.p all log A^-sided "first-level" boxes 
in the torus possess this property. Next, given this condition, for each fixed first-level box, 
all internal "second-level" boxes of side clog^(log A^) are dense w.h.p, and independently from 
other disjoint first-level boxes. The probability for the denseness of the second-level boxes is 
not high enough for a union bound on all of them, however, it is enough such that first-level 
boxes whose second- level boxes are all dense dominate p-percolation for arbitrarily high p < 1. 
This is the basis of the hierarchical renormalization used below to prove the same fact for "/c- 
level" boxes with arbitrary k. A drawback of this method is that the density of boxes becomes 
diluted by a constant factor from level to level, preventing us from continuing this rescaling 
to reach boxes of a bounded size. This dilution is the main source of the log* ' (N) correction. 
We believe this correction is an artifact of the method and that the true bounds should be the 
same as those on the torus. 

A central technical concept introduced in the paper is the recursively defined /c-goodness 
of a box, which is roughly that the [k — l)-good smaller scale boxes inside satisfy some typical 
supercritical percolation properties. The main demand from 0-good boxes is that the range 
is connected in their interior. This provides a useful way to analyze the range but perhaps 
a better formulated notion will get sharper bounds. A second technique worth mentioning is 
the propagation of isoperimetric bounds through multiple scales in Lemma 13. 3[ This has been 



done for one level in |MR04j . but it is not clear how to extend the method there to more than 
one level. Last, getting rid of dependence on time in the random walk when moving to smaller 
scale boxes is not trivial. To do this, we prove the domination of the /c-good recursive structure 
mentioned above simultaneously for all {T^Nit)}^^^j^d, where T^Nit) is the range of the walk 
up to time t. This is facilitated by results on conditioned random walks from Section 0, in 
particular by Lemma fS.lOl The Lemma shows that given any fixed "boundary-connected-path" 
f{t) in a dense box, (see definition above Lemma [5.31) . the random walk traversals will merge 
it w.h.p into a single connected component, for all t > 0. 

Using the results proved for the random walk on the torus, we prove a bound on the Heat 
kernal of random walk on the trace of Random Interlacements. In Appendix C we write a short 
introduction on Random Interlacements where one can find the notations used in Section [71 

It should be mentioned that while all sections ahead require the terminology introduced in 
Section [21 all remaining sections apart from Section [61 may be read quite independently from 
one another. Section [61 also relies on random walk definitions from Section [51 For reading 
convenience one can find an index of symbols in Section [TTl 

Acknowledgment. Thanks goes to Itai Benjamini for suggesting this problem and for fruitful 
discussions, and also to Gady Kozma who suggested the renormalization method and provided 
examples and counterexamples whenever they were needed. 

2 Result and Notation 

Let T{N, d) be the discrete d- dimensional torus with side length A^, for (i > 3. Fixing d, 
T{y, E) is a graph with 

V"(A^) = {x e Z"^ : < X, < A^, l<i<d] 

and 

E{N) = {{x, y} C V{T{N)) : 0^(x - y) G {±ei, . . . , ie^}} 

where On '■ '^^ — ^ V{N) for x G Z*^ is On{x.) = (xi mod N, . . . , Xd mod A^) and {ej}-^-^ is the 
standard basis of 7/. 

Note that if S{-) is a simple random walk (SRW) in Z'^, Sn{-) = On ° S{-) is a SRW in 
TiN). Let 7^(tl,t2) = {S{s) : ti < s < ta} and call 7^(t) = 7^(0,t) the range (until time t) of 
the walk. We consider 7lN{t), the random connected subgraph of T induced by On °T^(t), 
where we include only edges traversed by the random walk. Throughout the paper, when no 
ambiguity is present, we identify a graph with its vertices. 

Let Px [■] be the law that makes S{-) an independent SRW starting at x G Z"'. Below are 
the main three results of the paper. 

Theorem 2.1. Set u > and for a graph G, let dci-, ■) denote graph distance. Then for any 
k, 



lim Pq 



{dnMj^py) . x,yG7^^(t),rfrw(x,y)>(logA^f4>logWA^ 
>uNd [^ t/r(7v)(x,y) J 

where log*- ' A^ is log(-) iterated k-times of N. 



0. 



Since this paper was uploaded to the arXiv on 2010 the distance bounds where improved 
in |CP11] by Cerny and Popov. They managed to get a tight result without the log correction. 
Due to the improvement, the proof of Theorem 12.11 is postponed to Appendix B. 

Theorem 2.2. Set n > and let t{G) he the (e.g. uniform) mixing time of a simple random 
walk on a graph G. Then for any k, 



lim Pq 

Af->oo 



r 
max 



^?#>>lo.<')iv' 



0. 



The two theorems are a direct consequence of Theorem 16.11 and Theorems 19. H 13.11 respec- 
tively. 

Using the same techniques for proving Theorem 12.11 and Theorem 12.21 we can show the next 
result for a random walk on the trace of random interlacements (See Appendix C for notations): 

Theorem 2.3. Let u > 0, k eN, there exists a constant C{u, k) such that for P almost every 
uj, for all n large enough 

The main purpose of the remainder of the section is to define a /c-good configuration, and 
to establish notation used throughout the paper. 

2.1 Graph notation 

Given a graph G, we identify a subset of vertices V with its induced subgraph in G. We denote 
G\V , the complement of V relative to G, by Vq. Writing dci^-, ■) for the graph distance in G, 
we let dG{^,V) = inf {(iG(v,x) : x G V}. For the outer, and inner boundary we respectively 
write 

dG{V) = {veG:dG{v,V) = l}, 

d^{V) = daiVS) = {v G G : rf(v, V^) = 1} , 

We often omit G from the notation when the ambient graph is clear. We say V is connected 
in G if any two vertices in V have a path in G connecting them. Vi, V2 C G are connected 
in G if Vi U V2 is connected in G. Given V^ C G, we call a set that is connected in V and is 
maximal to inclusion a component of V. 

As noted above, we identify graphs and their vertices. Thus Z*^ denotes the d-dimensional 
integers as well as the graph on these vertices in which two vertices are connected if they differ 
by a unit vector. 

Last, if y C Z"', z G Z'^ then V ±z = {^±z : x E V}. 

2.2 Box notation 

For X G Z*^, n > 0, let 

5(x, n) = {y G Z"' : Vi, 1 < i < rf, -n/2 < x(i) - y(i) < n/2} . 



We write B{n) if x is the origin, and when length and center are unambiguous we often just 
write B. Occasionally we use lowercase b for a smaller instance of a box. We denote the side 
length of a box by ||-B||, i.e. 

\\B\\ = \B\K 

Let sp {-B(x, n)} = {-B(x + J2i ^ikin, n) : {ki, . . . ,kd) G Z"'} where ei, . . . , e^ are the unit vec- 
tors in li'^ i.e. all the non intersecting translations of B in Z'^. We attach a graph structure to 
sp {-B(x, n)} by defining the neighbors of a box -B(x, n) as i?(x±ejn, n), 1 < i < d. Henceforth, 
any graph operators on a subset of some sp{5} refer to this graph structure. Observe that 
sp {-B(x, n)} is isomorphic as a graph to Z"^. We denote this isomorphism by A : sp{i?} — )> Z*^. 
Using A, we extend the definitions of a box to boxes as well. Thus for a box b = b{n) and an in- 
teger m > 0, BA{b, m) is a set of mf" boxes. We use a big union symbol to denote internal union, 
i.e. |jA = {xeA:yle A}. So in the preceding example, we have IJ 5a [b, m) = B{mn). 

To ease the reading, we often refer to boxes that are neighbors under the above relationship 
as ^-neighbors, a connected set of boxes as ^-connected, and a component under A— neighbor 
relationship a ^-component. 

Definition 2.4. Given a box B('x,n), and a > 0, we write B'^ for B('x,an). Let 

s{n) = [logn]'^. 
We write s^^\n) to denote s(-) iterated i times. 
Definition 2.5. Let 

o-(B(x, n)) = sp{b{x,s{n))} D {b{y,s{n)) : y G 5(x, 5n + 3[logra]^)} 

be the sub-boxes of B{'x,n). Note that B^ C [Ja{B). (y{B) is a collection of sub-boxes of side 
length s{n) covering B^ , see Figure l2J\ for visualization. 

We write 2^ for the power set of a set A, i.e the collection of subsets of A. We refer to 
finite subsets of Z"^ as configurations. 

2.3 Percolating configurations 

Let Ca, Cb be fixed positive constants dependent only on dimension (ca, Cb are determined in 
Lemma [4.81 and Corollary 14.61 respectively), u G 2^^"^ is a percolating configuration, denoted 
by w G V{n), if there exists a subset which we call a good cluster C = C{u) C u, connected in 
u) (not necessarily maximal) for which the following properties hold. Note that Property H] is 
not dependent on the choice of C{uj) but only on u. 

1. \C\ > {l-lO~'^)\B{n)\. 

2. The largest component in B{n)\C is of size less than (logn) . 

3. For any v, w G C fl 5(?i — c^ logn) we have dciy, w) < c^ ((^^(v, w) V logn). 

4. Let T C B{n) satisfy •n}/^'^ < \T\ < n'^/2, and assume both T and B{n)\T are connected 
in B{n). Then l^sT n uj\ , \d%T n a;| > c^ \T\^'^-^^''^ . 

The following claim is easy to check 

Claim 2.1. P(n) is a monotone set, i.e., if u E V{n) and u (Z u'^ C B(n) then u'^ G V{n). 

6 



2.4 /c-Good configurations 

Let Ch be a fixed positive constant dependent only on dimension [ch is determined in Theorem 
l5.12l beIow). For ra G N, p > 0, and setting B = B{n), a configuration u G B'^ belongs to Goin) 
if and only if the following properties hold. 

1. For each b G a{B), |w n 6| > {pCh A i) \b\ 

2. For each b G c^B), uj (Ib^ is connected in a; fl 6^. 



Remark 2.6. If uj E Ql){n) then for all n > [pCh 



(i) u intersects all b G cy{B) (Property 



[ly, and (a) for any two ^-neighbors bi, 62 G cri^B), since 62 C 6f, ujp\bi andu!nb2 are connected 
in CO il b\ (Property [^ ). In particular, u H B^ is connected in u D B^ . See Figure \2.1\ for a 
graphical explanation. 





b^ 


















-f 


"^ 


[log n 


r 


6^ 


b 


-J 














































































B 


b 


























B 


7 





Figure 2.1: 0-Good configuration 

Let A be a fixed positive constant dependent only on dimension (A is determined in Theorem 
15. 8p . For A; > 0, G^i^) ^^ defined recursively. Given u C Z^ and a box 6(x, m), we say b is 
(w, i, p)-good if (w fl 6^) — x G Ql{m). Let 

5 = {6 G cr(fi) : 6 is (cu, A; - 1, pA)-good} , 

and let ae = \\A{a{B))\\ = \a{B)\K Then u G g^{n) if w G ^^(n) and A(5) G ^(^5). See 
Figure 12.21 for a graphical explanation. 

2.5 /c-good torus 

Let T = T{N) and fix w C T. Let /c > 0,p > 0. We define (w, k, p)-goodness of a torus. Let 
n= [iV/lO]. We call 

T = sp{5H} n {5 (y,n) : y G 5(iV)} 

the top-level boxes for T. Then T is a {to, k,p)-good torus if all boxes in T are {O'^^co, k, p)- 
good. 

Remark 12.61 therefore implies 



Remark 2.7. IfT{N) is a {u, k,p)-good torus then u is connected for all N > C{p). 




Figure 2.2: /c-Good configuration. All the grey sub-boxes are k — 1-Good i.e. a; fl 6 G 



^t-i 



[logn] ). The configuration on the right is in V{aB)- 



2.6 Constants 

All constants are dependent on dimension by default and independent of any other parameter 
not appearing in their definition. Constants like c, C may change their value from use to use. 
Numbered constants (e.g. Ci,C2) retain their value in a proof but no more than that, and 
constants tagged by a letter (cq, ca) represent the same value throughout the paper. 



3 Mixing bound 

Given a finite connected graph G, let X{t) be a lazy random walk on G. That is, denoting the 
walk's transition matrix by p(-, ■), for any v G G of degree m, p(v, v) = 1/2 and p(v, w) = l/2m 
for any neighbor w G d{\}. We write t{G) for the mixing time of X{t) on G i.e. 



t{G) 



mm < n : 



p''ix,y) ~7r{y) 



7r(y) 



<-, ^x,yeV{G) 



where vr is the stationary measure of the random walk on G. See |MP05] a thorough introduc- 
tion on mixing times. 

Theorem 3.1. Let cuo C T{N), p > 0, k > 1. There is a G{k,p) such that if T{N) is a 
{uQ,k,p)-good torus then 

t{uo) < GN^ log('^~^) N, 

where log*-"*^ A^ is log(-) iterated m times of N. 



We Begin by stating and proving propositions required for Corollary 13. 4[ then using the 
Corollary we prove Theorem 13.11 

Recall the definition of Gj'in) from Subsection 12. 4[ Let Cp = (^pch A |) /3. We assume n is 
large enough such that Qi{n) is non-empty, and that for any u G Qi{n), ujr\B^{n) is connected 
in uj and satisfies \u: fl B^{n)\ > Scpu'^ (see Property [1] of Qq in subsection 12.41 and Remark l2.6p . 
In particular there exists a set S* C u, \S fl B^{n)\ A \S^ fl B^{n)\ > CpU'^. 

Since u fl B^(n) is connected in u we have 



Proposition 3.2. For any I > and all large n, and S G u 

\dS\ > 1. 

Next we bound \dS\ more accurately. Though stated as a Lemma the next statement and 
proof are the main interest of this section. 

Lemma 3.3. Letl > 0, p > 0, to E Qf and S C to such that \SnB^{n)\A\S^nB^{n)\ = r > n^ , 
then there exists a ci(/,p) > 0, such that 



d-l 



\d^S\>Cr{l,p)r—{s'-^\n)y-'. (3.1) 



d-l 



Proof. The proof is by induction on /. For / = 0, since s^^\n) = n, |-B^(?t,)| '* ^'•^^(ra)^"'^ is less 
than some Ci for any r < \B^{n)\. Thus the base case of / = is given in proposition 13.21 and 
the connectedness of u with Ci(0) = Ci^. Now fix / > 0, p > and assume (13. ip is true for 
/ — 1 with constant Ci(/ — 1, pA) > 0, for all large n and n^^'^ < r < \B^{n)\. 

Our default ambient graph for S is u. Thus for S G u, S'^ = uj\S and dS = d^jS. Note 
that as 15*1 > r, if \dS\ > \S\^ ~ '' we are done. Wlog assume l^''^ fl B^\ > \S f] B^\ since 

Let B = B{n) and let m = s{n). For < a < 1, let 

F„ = F{uj, S, a) = {be a{B) : \bn S\ > a\br\io\} , 

be the a— filled sub-boxes. By the pigeon hole principle there are a{p) < 1, C2(p) > 0, such 
that 

\F^\<il-C2)WiB)\. (3.2) 

We write simply F for F^. Let T = T{uj, S) = {b e a (B) : bn S ^ ^}, then \T\ > |5|m-'^. 
The proof is separated into cases depending on the size of F. We begin with the case that|F| 
is small. 

If |F| < I IS"! m~'^ then by the trivial lower bound on T, |T\F| > | IS"! m^'^. For any box 
b G T\F, we have x, y e 6 such that yi E S,y E S'^. Since x, y are connected in wflfe^ (Property 
[2] of Qq), dS n 6^ 7^ 0. For any box b e cr{B) there are at most 50d boxes b' E <t{B) such that 
6^ n b'"^ 7^ 0. Since 15*1 > n^^^ and m'^ is o(n^/^'^) we have for all large n, 

and are done with this case. 

Our default ambient graph for sets of sub-boxes is crlB) with the box (A) neighbor rela- 
tionship (See 1221). Thus for A C a{B), A'^ = a{B)\A, dA = <9^(b)A, d^A = d^^j^^A. We 
introduce edge boundary notation 

a^(Q) = {{6, b'}:b^ b', bEQ,b' E Q^} . 

In the case that remains, |F| > ^\S\m~'^. Note that any box b E dF satisfies |6^ fl Sj A 
\b^ n S'^l > c'{p)m'^. Hence if we knew that F was a single A-connected component with a 
connected complement we could lower bound \dF\ and use the fact that dF is a typical set 



(Percolation Property Sj) to get that a constant proportion of dF are {u, I — 1, pA)-good boxes. 
Together with our induction hypothesis, this would finish the proof. 



\dS\ > \dSndFn 



b&Gt^M) 



{h}\ > c\dF\m'^~\s^-\m)f-'^ 



> c\F\^m'^-\s^{n)y-'^ > -\S\^m^~'^m'^-\s^-\m)y-'^ 



(3.3) 



-\S\^is^-\m)) 



a-d 



F is not in general so nice. However, being of size greater than \\S\ m~'^ implies there is a 
c-sip) > and a set IK = ]K(F) C 2°"^^^ with the following properties for all large n, allowing us 
to make a similar isoperimetric statement. 



J2m^r\)>c3\s\m- 



fGK 



Vf G K, 9f C F^ d^{ C F. 

Vfi, fa e K, fi 7^ f2 =^ d'h n d'{2 = 0. 

Vf G K, f , f^ are A-connected. 



n 



l/5d 



< |f| A|f"| < 1^(5)1/2. 



(3.4) 

(3.5) 
(3.6) 
(3.7) 
(3.8) 



First we show how the proof follows the existence of K. Let G = G{uj,l,p) be the set of 
(cj, / — 1, pA)-good sub-boxes in (j{B). By (I3.7p .f l3l8|) . and Percolation Property |4] (See Section 
[23D, for all large enoughs, for any fGK, |9f nG| > c^df | A|f^|)('^-i)/'^. Let K^ = {di : fGK}. 
By dM]), for any b G a{B), | {f^ G K^ : 6 G f^} | < 2d. Thus, 



U^'nG|>^5^c,(|f|A|f 



c\\(d-l)/d 



fgK 



By subadditivity of x^ where /3 < 1 and (13. 4p this gives 



IjK^nG >c J]](|f| A|f 



-1 (d-l)/d 



•fGK 



> c 






(d~l)/d 



m 



d-l 



(3.9) 



Let A C IjK^nG, be a subset of proportional size satisfying that for any distinct fei, 62 G A, 
6[ n 62 = 0. By (13. 5p . for any 6 G A, fe G F*^ but has a A- neighbor b' G F, implying 
15* n 6^1 A IS''^ n 6^1 > c(d, p)m'^ = cm'^. Since A C G, using our induction assumption and that 

\S\ >r. 



|[33t HJm \Q\(d~'i-)/d 

\dS\>\dSnuFJ > \dSnA\ > (^^-^—-—m" 



-Hs'"^ 



m)y 



(3.10) 



and we are done. 

We return to proving the existence of K. 

Recall, a A-component of a set Q C cr(i?) is a maximal connected component in Q according 
to the box neighbor relationship (See 12. 2p . Let F be the set of A-components of F. Since 
F 7^ cr(-B), for any f G F, there exists 6 G f with a A-neighbor b' G f^, such that b' C b^. 
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Figure 3.1: Example of F and resulting K = {fi, £2, £3, £4}. 
in black and hi = f/(fi) = [/(fa), ha = [/(fs) = U{U)- 



hi fi f2 



h2 fa h 



where the sets are 



As before, by Property [2] of ^^ (See El, &^ n 95 7^ 0. Letting F^ = {b e F : b'^ n dS y^ dl}, 
we then have IF'^I > |F|. Since we can extract a proportional subset A C F'^ where for any 

distinct 61,62 G A, 6j fl 63 = 0, we only need deal with the case |F| < 15*1 ~^. Let EI be 
the set of A-components of F'^. In the same way, we may assume \M.\ < \S\ ~^. By (I3.2p . 
IF''! > C2 \(j{B)\ > 2c3 15*1 m~'^. We also assumed |F| > ^ \S\ m~'^, so wlog C3 < 1/4 and 

|F'=|,|F| >2c3|5|m-f (3.11) 

Let F = |f G F : |f | > C3 \S\^ m~A and let § = |h G H : |h| > C3 \S\^ m^A. We as- 
sumed |F| , |e| < \S\^~^ and thus J fF\F) , [j fe\§) < C3 |5| m""^. So from iKTT\f we get 



||jF|,||Ji|>C3|5| 



m 



(3.12) 



Let 



f C a{B) : f is a A-component of h", h G H, |f | A\f''\> C3 \S\ ^^ m" 



Let f7 : K — )■ EI where for f G K, f/(f ) is the unique element in EI for which f is a A-component 
of U{{Y. For each f G K, 9f C f/(f) C F'^ and because f/(f) is a component of F'^, d'^f C F, 
giving us (13. 5p . Let h G EI. For any f G F, f C h^ and thus f is contained in some A-component 
of h^ which we denote f. Since h C f^ and f C f we get f G K and in particular, f G U^^{h). 
Thus for any h G EI, |JF C |Jf/^^(h). In Figure [XT] we give an example of some F and the 
resulting K. 

Letting K^ = XlfeKd^ I ^ l^'^D' ^^ regroup terms in the sum and use the fact that for any 
h G H, f G f/"^(h), we have h C f" to get: 

^''>E E (if|A|fi)>E E (if|A|hi). 

h6Hf6C/-Hh) hGif6C/-Mh) 

If there exists h* G EI such that for any / G f/~-^(h*), |h*| > |f | we have 

K^> j2 ifi = |U^"'(^*) - lU^I- 

fGt/-i(h*) 
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If none such exists, then 

hefi 



Thus from (KT2\\ we get ([S3D. Next, for fi G K, any edge U, 6| G d% satisfies wlog b E f/(fi) 

and 6 G fi. Thus if f2 G K shares the edge ^ &, ^ l- with fi, then f/(fi) = f/(f2) and since b G finf2 

and both are A-components of U{iiY, we have fi = f2, giving us fl3.6l) . To get fl3.7p . let h G H, 
and let h^ = fi U . . . U f„ where fi are the A-components of h'^. Then Vz, dfi C h, and since h is 
connected, fj, fj are connected in fj U f j U h for any i,j. This implies f f = h U f i U . . . U f„\fj is 
A-connected for any i. Last, since |f | A \i^\ > c^ \S\^ m~^ and m'^ is o(?7,^/^°'^\ we get (13.81) . D 

In the below corollary we transfer the isoperimetric bounds on ip from the setting of a box 
to a torus. The main idea of the proof is to show that given any large set 5* in a {u, k, p)-good 
torus, there are two neighboring top-level boxes which have a large intersection with S and 

uj\S. 

Corollary 3.4. Let u C T{N). IfT{N) is a (w, k,p)-good torus then for all large enough N, 

and r > N 

0(r) = inf|%^:5Cw,iVi < |S| <rA(l--l-)|a;| 
{ \S\ - I I - ' 4rf' ' ' 

> c{k,p) 



Proof. Let a;+ = C^^(cu) fl B^{N). Recall from [53] that all top-level boxes for T{N) are 
{u~^, k, p)-good, so by Property [T] of Qq, for any top-level box B, there is a Ci(p) > such that 

\Bnuj-^\>ciN'^. (3.13) 

Fix r > N. By construction, ^ |a;+| = |a;| > li^ncj+l for any top-level box B. We assume 
that A^ is large enough so that ciN'^"^ > 4d, and \B fl u)^\ > 4dN. In particular, this implies 
that the infimum is not on an empty set. Let S satisfy the conditions to be a candidate for 
the infimum in 0(r) and extend it to S~^ = 0]^^{S) fl B^{N). Let f = 15*1 A jwyS"!. Again by 
(IXT^ . for each top-level box B, \B D S+\y \B D (w+\5+)| > ^CiN'^ > C2f. On the other hand, 
since there are 10'' top-level boxes whose union covers B{N), by the pigeonhole principle, 
there must be some box B for which \B fl S^\ > lO^'^ l^l and likewise a box B' for which 
\B' n (a;+\S'+)| > 10"'' KcuyS*)]. Let cg = C2 A lO"''. Since the top-level boxes are A-connected, 
there are two A-neighboring top-level boxes Bi, B2 such that \Bi (1 S~^\ , |i?2 H (cj"''\S'"'")| > c^f. 

This implies \Bl n S+l A \Bf n (a;+\5'+)| > c^r. By construction, deinc+S^ < \d^S\. Since 

Bi is (w"*", k, p)-good, we can use Lemma 13731 to lower bound ds'^nui+S^ by cf~d~ (^s^'^^N)) 

for all large A^. Note that as \u\ > 4dN, implying \(^\S\ > N, we have f > N. Since 
\^\S\ > j;i \uj\ > ^ \S\ we can bound 15*1, the denominator in the infimum, from above by idf, 
giving us -j^ > Q^-^Jd (^s^''^{N)^ . Since f < r we are done. D 

We now proceed to prove the main theorem of this section. 
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Proof of Theorem \3.1[ The following proof makes assumptions which are valid for all but a 
finite number of A^, and those are resolved by the large constant above. Note wq is viewed as 
a subgraph of T{N) as far as connectivity. We present an upper bound to the mixing time r 
of X{t) using average conductance, a method developed in [LK99J and refined in subsequent 
papers. 

We follow notation of [MP05J . Let 7r(-) be the stationary distribution of X{t) and for x, y G 
a;o let g(x,y) = 7r(x)p(x,y). For S^Aguj^ let Q{S,A) = ^ Q(s,a). Let $5 = ^gP 

seS,aeA 

and let $(m) = inf {$5 : < tx{S) <u A\]. Let tt* = vain^^^^ 7r(x). 
By |MP05j . 

, 1, r^^ Adu 

r = r(.„,-)<l^l_^^. (3.14) 



Recall the notation from Section [2111 In this proof our ambient graph is coq and thus S^ = ujo\S 
and dS = d^^^^S. To simplify notation in the proof, we restate (13.141) in terms of internal volume 
and boundary size. 



E deg(v) 



-1 



For S C uq, if vr(5') < u then we have by definition u > ^ deg(v) 

veS Lvgo^o 

Using the bound on degree and connectedness of uq we get \S\ < 2ud \uo\. In the same way 

2d^ > 7r(5"=) >l-u which gives |^| < (l - ^^{1 - u)) \uo\ and thus for m < i, 

\S\<2ud\ujo\A{l-—)\ujo\- (3.15) 

Let 05 = -W. Since uq is a bounded degree graph and x ~ y <^==^ ^ < ]9(x, y) < |, for 

some C{d) and all S C Uq we have 4>s < C^s- Let 0(r) = inf |05 : < jS"! < r A (1 — ^) |wo|}. 
Then by fl3.15p the infimum in (f){2ud \ujq\) is on a larger set than the infimum in $(m) giving 
us (j)(2ud \ujq\) < C$(m). Thus by the change of variables r = 2ud \uo\ in fl3.14p we get 

r<C —— (3.16) 

J I r(t)\r) 

We continue by showing that for our purposes, a rough estimate of 05 for sufficiently small 
sets S is enough. Let 

0(r) = inf |05 : iV^ < |5| < r A (1 - ^) |a;o| 

where the infimum of an empty set is 00. Since ujq is connected (see Remark 12.71) . 0(r) > 1/r 
for any 1 < r < |a;o|- For large A^, by Property [T] of Qq (See 12.41) . A^ < (1 — ^) |a;o|. Thus 

0(r) = inf (05 : |5| < r AivH A0(r) 



-1 VA^~^ 



A0(r). 



> 

<fc,p)(sW(iV))'-' 
lower bound for 0(r) we thus get 

dr „ r''"''^ dr 



By corollary 13.41 below. 0(r) > c{k,p) (s'^^^(iV)) r ^^'^. Integrating fl3.16p with the above 



T 



32N'i T ^327^* 



< C — r^ + C 



2 



1 r(N~i) ^ 10"^ iV3 r02(r) 
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as required. D 

4 High density percolation percolates 

This section presents results used in the renormahzation arguments of Section [6l See Section 
12.31 for the properties of percolating configuration. 

Lemma 4.1. Forn G N, let {Yiz)}^^^,^^ be iid {0, 1} r.v. 's, and write S{n) = {z G B{n) : Y{z) = 1} 
for the random support of Y. Then there is a dimensional dependent constant, pb < I, such 
thatifFT[Y{0) = 1] =pb, 

Pr [S{n) G V{n)] A 1, 

polynomially fast but summable. 

Proof. Lemmas 14. 3[ 14. 7[ 14. 8[ and Corollary 14.61 prove percolation Properties [H El [3l S] respec- 
tively, n 

Corollary 4.2. Forn G N, let {Yi^)}^^^,^ be {0,1} r.v.'s, not necessarily iid, and write 
S{n) = {z G B{n) : Y{z) = 1} for the random support ofY. Assume the r.v. 's have the prop- 
erty that for any x G B{n) and any A C -B(n)\6(x, 20), 

Pr [F(x) = 1 I 5 n B{n)\b{x, 20) = A] > pa, 



where pd < 1 is a fixed constant dependent only on pb (from Lemma \4.1\ ) and dimension. 
Then for all p < 1, there is a C{p) < oo such that for all n > C , 

Pr [S{n) G V{n)] > p. 

Proof. The domination of product measures result of Liggett, Schonmann, and Stacey |LSS97] . 
implies there is a p^ < 1 for which S{n) stochastically dominates an iid product field with 
density pb on B{n). Lemma [4. II tells us that the probability such an iid field belongs to V{n) 
approaches one as n tends to infinity. Since percolation properties are monotone (Claim [TT]) . 
we are done. D 

Write Pp [■] for the law that makes {Y{z)}^^^d iid {0, 1} r.v.'s where Y{z) = 1 w.p. p. Let 
B = B{n) and write S = Y~^{1) fl B for the random set of open sites in B. Denote by C the 
largest connected component in S. 

We write a consequence of Theorem 1.1 of [DP96] . One can find the proof in the Appendix 
of [PRTT] . 

Lemma 4.3. There is a po{d) < 1 such that for every p > Pq, there exists a c> such that 

Pp [\C\ < (1 - lO^'^) \B{n)\] < ce-'^". 

Definition 4.4. Let B* be the graph of B{n) where we add edges between any two vertices 
in B of l^ distance one. We call a set A in B ^-connected, if it is connected in B* . Let 
A* = {A C B : A is *- connected] . 
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Lemma 4.5. There is a Cd{d) > 0,pi{d) < 1 and C{d) < oo such that for any p > pi 

Pp[3AeA*,\A\ >C\ogn,\AnS\ < c\A\] 4 (4.1) 

stretch exponentially fast with n. 

Proof. Fix a vertex v G -B and let A be ^-connected such that v G A and \A\ = k. The 
number of such components is bounded by (3'^ — l) < e'^^. To see this, fix a spanning tree 
for each such set and explore the tree starting at v using a depth first search. Each edge is 
crossed at most twice and at each step the number of directions is bounded by the degree. 
Using large deviations estimates, for small enough Cd{d) > and large enough pi{d) < 1, 
Pp [1^4 nS\ < Cd \A\] < exp (—2c \A\) . To bound the probability of the event in (14. ip . we union 
bound over *-connected components larger than n^^^ that contain a fixed vertex in B to get 

fc>nl/3 

which tends to stretched exponentially fast with n. D 

Corollary 4.6. There is a Cf, > 0, Cb < oo such that for all p > Pi{d), whp, any connected set 
A C B such that B\A is also connected and C^log^^ n < \A\ < n'^/2. 



\dBAnS\,\d'^AnS\ >Cb\A\ 



d-l 
d 



Proof. By Lemma 2.1 (ii) in |DP96j . dsAjd'^A are ^-connected. By well known isoperimetric 
inequalities for the grid, see e.g. Proposition 2.2 in JDP96] . there is a c/ > such that for 

d-l d-l 

l^l < n /2, IdsA] , I^Ij^I > c/ |y4| '^ . For appropriate Cb, cj \A\ '^ > Ca\ogn and thus Lemma 
14.51 gives the result with Cb = cjCd- D 

Lemma 4.7. Let /C denote the largest connected component in B\C. There is ap2{d) < 1 such 
that for all p > p2, 

Pp[\]C\>\og'n] AO, 

stretch exponentially fast with n. 

Proof. Choose a component JC of B\C. Since C is connected and /C is maximal, B\]C is also 
connected. This easy fact is proved in Lemma 13.31 From Lemma 14.31 we have for p > Po, 
k = \]C\ < \B\ /2. It is not true in general that Y{IC) = but since 9^/C separates K, from C, 
y(9^/C) = 0. Thus from Corollarv l4.6[ for p2 > pi, whp, |/C| < C^log^^ n. D 

Lemma 4.8. There is a Ca > such that forp > pi > Pc 

Cilogny-^ 



Pp[3v,w G CnB{n -Ca logn), (ic(v, w) > Ca((iB(v, w) Vlogn)] < 



n" 



Proof. Recall Y{z) are defined for all z G Z'^. Let C^o be the infinite component of Y~^(l). We 
start by showing that whp, C, the largest cluster in y~^(l) (IB is contained in Coo- By Lemma 
4.3^ the diameter of C is of order n whp. If in this case C ^ Coo then C is a finite cluster in 
y~^(l) of diameter n. In the supercritical phase (p > pc), the probabihty for such a cluster at 
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a fixed vertex decays exponentially in n (see e.g. 8.4 in |Gri99] ). Thus we may union bound 
over the vertices of B to get that whp 

C C Coo. (4.2) 

We assume henceforth that this is the case. 

Next, by Theorem 1.1 of |AP96j . we have that for some < k,KQ,K < oo, dependent on 
dimension and pi, 

c^Coo(x,y) > Kom x,y e Coo,c?(x,y) = m < Kexp{-km). 

We use this to show that for appropriate -ft'i < oo, the probability of the following event decays 
to 0. Let 

^= {3x,y G^nCoo, Kilogn < d{x,y) < AVMc^(x,y)} . 

Using a union bound, 

oo 

Pp [A] <n'^ ^ Cm'^-^ exp(-A:m) < Cn'^ (logn)''"^ n'^'^. 

m=K\ log n 

Let B^ = B[n — AdKoKiXogn). We now show that A not occurring implies the event B. 

B = j Vx, yeCnB- s.t. 1 < -5V^ < 4rf, rfc(x, y) < MKoK^ log n 
[ A 1 log n 

From A not occurring and (14. 2p . we get that for any x, y satisfying the condition in B, 
(ic^(x, y) < AdKoKilogn. Since x, y G B~ , a path connecting x to y in Coo realizing this 
distance is too short to reach d'^B and thus by (14.21) is contained in C. 

Next, for any x, y G B^ , there is a sequence of boxes bi,...,bm where x G 6i,y G bm 
and the following conditions hold. For all i for which it is defined, ||6j|| = [ii'ilogn], the 
diameter of bi U 6j+i is less than idKilogn, d{bi,bi-^i) > Kilogn and for some K2 < C)0, 
m < K2d{x,y)/ logn + 2. The left term in the bound for m can be achieved for example by 
placing boxes with order log n spacing in lines parallel to the coordinate axes. The constant 2 
appears for the case where (i(x, y ) < Ki log n and we use an intermediary box. 

Lemma 14.71 tells us that for all large n, whp every box b with ||6|| > logn intersects C. 
Assuming that this and the high probability B event occur, we have that for x, y as in B~ , 
dci'x, y) < MKqKi {K2d{x, y) + 2 logn), and we are done. D 

5 Goodness of Random Walk Range 

5.1 Random walk definitions and notation 

Given a box B, consider the two faces of dB^ for which the first coordinate is constant. We 
call the one for which this coordinate is larger the top face and call the other one the bottom 
face. Let Top"'"(i?), Bot(_B) be the projection of B^ on the top and bottom faces respectively. 
Let Top{B) be the neighbors of Top"*" (5) inside B^ . Thus Top(-B) C d^'^B'^ is a translation 
along the first coordinate of Bot(i?) C dB^ . 

Let Px [■] be the law that makes S{-) an independent SRW starting at x G Z*^. For a set 
A C Z'^, let Ta = inf {t > : S{t) G A} be the first hitting time of A, and for a single vertex 
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Figure 5.1: Traversal and Top, Bot definition. 



V, we write Tv = tjv}. For a G Top(i?),z G Bot(i?), we call the ordered pair r/ = (a, z) a 
B-traversal. We write P'' [■] = Pa [-Irg^? = r^]. 

Let H = (?7i, ?72, . . . , rjk) be an ordered sequence of 5-traversals. We call H a B-itinerary and 
write P/f = P**^ X ... X P'"= for the product probability space. For each t] ^ H,we denote the as- 
sociated independent conditioned random walk by SnQ, write TZn{ti,t2) = {Sri{s) : ti < s < ^2} 
and simply 7^^ for 7^.^(0, ra^^)- We say H is p-dense if \H\ > pUBW^'"^. 

For a i?(x, n)-itinerary H, we abbreviate notation inside F^ [■] by writing Q^ instead of 
G'M + X. 

For a SRW 5'(-), we write S(ti,t2) for the sequence {S(ti), . . . , S(t2))- 

For Q C -ff a set (subsequence) of 5-traversals, let TZq = [j 7^^. When in use under the 

law Fh, we write 7^ for TZh- 

5.2 Independence of a random walk traversing a box 

= 6^ n Xa 



Let In{-) = O^^ o On{-) and for b = b{\N/lO]) let I%{-) = b"^ Dljvi-). Since ||6^|| < A^, 
Xi\i{b'^) is an infinite disconnected union of translated copies of 6^. Thus we have that for any 
X G XAr(6^), I^f is a graph isomorphism between 6'^ and /3x, the component of x in XAr(fe^). 
Given S'(-), a simple random walk in Z^, we define the following random set of triplets. 

%N = { (7, 7"^, /3) : < 7 < 7^^, /3 a box, /3'^ is a component of lN{b'^), S{'y - 1) G 9/3^, 
5(7) G Top(/3),7^(7,7+ - 1) C /3^5(7+) G Bot(/3)}. 

For any two distinct copies of 6'^ in Xjv(6'^) - /3, /3 we have 9/3'^ fl 9/3'^ = 0. Thus for any 
two distinct triplets (7,7"'",/3), (7,7"'",/3) either 7 > 7"*" or 7 > 7+. Ordering the triplets by 
increasing first coordinate, we write (7i,7j^, A) for the i'th triplet by this order. 

Since Tat may be defined in terms of the finite state Markov process Sn{-), Px [I'^^a^I = cxd] = 
1. Thus for p > 0, 7j^^d-2-| is well defined. 

Definition 5.1. Let Tp(b) 
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The next Lemma claims the following: Run a SRW up to time uN'^ from a point x G B^^. 
There exists a constant p{u) such that with high probability there are at least pN'^~'^ traversals 
from Top to Bot. See Figure ET] for graphical representation. 
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Lemma 5.2. For any u > there is a p{u) > such that 

P, [r,(6) < uN''] 4 1, 
uniformly for any x G Z'' . 

Proof. Let n = [A^/10] and let b = h{n). By the Central Limit Theorem, there is a ci > such 
that Px [Tijv(fe) < iV^/2] > ci uniformly in x. For y = {yi, . . . ,yd) E Z^, define B{y) to be the 
event that in N'^/2 steps the first coordinate of a d-dimensional random walk hits yi + 4n and 
then hits yi — 8n, while the maximal change in the other coordinates is less than n. By the 
invariance principle there is a C2 > such that for all large A^, Py ['B(y)] > C2. 

Let rf = inf {t > iN^ : S{t) e X7v(&)}, let A = {r- < (i + |)iV^} and let Xi be the indica- 
tors of Ai occurring for S(t) and B{S{Ti)) occurring for S{t^ + t). Note that Xi implies there 
is a (7, 7+, (3) E In, iA^^ < 7 < 7+ < (i + 1)N'^. 

By the Markov property, Xi dominates iid Bernoulli r.v.'s that are 1 w.p. C3 > for all 

large N. Thus by the law of large numbers, ^ Xi > c^uN'^~'^ /2, whp. This event implies 
that Tp{h) < uN'^ for p < c-su/2, which finishes the proof. D 

Given a box b, and a set a; C b, we call u b-boundary-connected if any x G wflfc^ is connected 
in cu to a*"6^ We call F : Z^° -^ 2''' a b-boundary- connected-path if F(t) C F{t + 1) and F{t) 
is 6-boundary-connected for alH > 0. 

We write S for the set of all finite paths in U^. That is, 

S = {s = (vo, . . . , v„) : Pvo [5(0, n) = s] > 0} . 

For s = (vo, . . . , v„) G S we let s{i) = Vj and write ||s|| for n, the number of edges traversed 
by the path s. 

Lemma 5.3. For N > fix a box b = 6([iV/10]), p > and x G Z'^. Then for any A C 2^^ 
there is a p-dense b-itinerary H = H{A) and a b-boundary- connected-path F{t) = F(x, t) such 
that 

Px [{X^ o 7^(t) : t > Tp{b)} cA]>¥h [{7^ U F{t) : t > 0} C ^ . 

Proof Let n = \N/10] and let M = \pn'^-^] . For 1 < z < M + 1 fix s^ G S. Let 

rn = inf {t > r^ : TiN) = 7^^(rp, t)} . 

Since TZn takes values in the finite state space T(iV), Px [rn < 00] = 1. With the convention 
that 7(j' = 0, we partition the probability space of S{-) to events 

B = B{si, ..., SM+i) = I Pi 5(7^^1, 7i) = Si > n S{-flj, To) = sm+1 

satisfying Px [B{si, . . . , sm+i)] > 0. For z = 1, . . . , M let a{z) = Si{\\si\\), C(^) = Si+i(0). By the 
Markov property (see Proposition 18. ip . {S{'yi,'y^)^^_^ under Px [-IB] are independent random 

vectors with the distribution of S{0,Tqi^7) under Pa{i) 'ka/j^ = T(^[i) ■ Let a(i) = Xj^(a(i)), 
z(i) = Xlj{C{i)) and let H he & 6-itinerary, H = (771, ... , tjm) where r/j = (a(2), z(i)). Since X]!^ 
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is an isomorphism between Pf and 6^, X^ o S'(0, tq/^i) under Pq,(j) -Irg^T = tq(j^) 

the same as 5(0,rab7) under P*?^ [■]. Thus jfi^ {Xi^ o 7^(7i,7+)} under P^ [-I-B; 
hke Uh under Ph[-]. Let 

M 

Fit) = U 7^(7+ 1, 7.) U 7^(7+ , (7+ + t) A rn) 



is distributed 
is distributed 



A/ 

u 



Since r^ = 7^^, we have 7^(rp + t) = F{t) U [J {7^(7i,7+)} for all t > 0. Given B, F{t) is 



uniquely determined. Let F{t) = X*^ o F{t). Since Xj^ is either a local isomorphism to 6^ or 
else gives the empty set, F{t) is a 6-boundary-connected-path. Thus for any A <Z2^ 

P, [{1*^ o 7^(t) : t > r,(6)} C ^|i3] = P^(b) [{7^ U F(^)(t) : t > O} C ^] , 

which proves the lemma (see Proposition I8.2p . D 

For a box B and a i?-itinerary i^, we proceed to define the event V" = V^(H, B). Roughly, 
Vp is the event that all sub-boxes are crossed a correct order of times by i?-traversals. First, 
given a box B and b G cr{B), let us define for a random walk S{-) the event J'b [b]. 

Jb [b] ={ 3t, t+ : < t < t+ < T9B^ : S{t - 1) G db\ S{t) G Top(6), 
7^(t,t+ - 1) C 6^5(t+) G Bot(6)}. 

Given H a i?-itinerary, r] E H, and a sub-box 6 G o-{B), we write ^7,, [6] for the event J'b [b] 
occurring on the random walk S'^(-). 

Next, we'd like to assign each box b G cr(i?) a subset H [b] d H with the property that 
if two distinct sub-boxes intersect, they have disjoint H [■] sets. Let us do this by first fixing 
a function {■)^q : 7/ — >■ {0, 1, . . . 50'^ ~ l} with the property that any distinct x, y G Z'^ with 
(x)5o = (y)5o are a distance of at least 50 in the l^o norm. This can be induced by any bijection 
from [Z/bQZf to {0, 1, . . . SO*^ - l}. 

Recall that A is the isomorphism mapping (j{B) into Z*^, and that H = (771, . . . ,77^) is an 
ordered sequence. We write 

H[b] = {r],eH -.1 = (A6)5o (modSO'^)} . 

Next, for each b G a"(-B) define the random set of i?-traversals ipH[b] = {f] & H [b] : J7J, [b]}. 
Since 2||6'^|| < 50'^||6||, we get the following desired property. 

Claim 5.4. For any distinct bo, bi G cr(-B) satisfying 6g fl fej 7^ we have tpn [bo] H tpn [bi] = 0- 

Definition 5.5. Let V^ be the event that for each b G a{B), |^h [b]\ > p||6||'^^^ 

Lemma 5.6. Fix a box B, a B-itinerary H, a B -boundary- connected-path F{t), and a sub- 
box b G o'{B). Let Ti = 'H(£') = 'D^TZuXb'^ G £ where £ is a fixed subset of 2^ . Assume 
P_f/ \H] > 0. Then for any A C 2^ , there is a p-dense b-itinerary h = h(A) and a b-boundary- 
connected-path f{t) = f{A,F){t) C 6'^ satisfying 

Fh [{(7^ u F{t)) n 6^ t > 0} C ^ I H] > Ph [{7^ U f{t) : t > 0} C ^] . 
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Proof. If for rj E H the event J^^ \b] occurs, then we know there exists at least one time pair 
(t,t+), < t < t+ < TQB^ satisfying the requirements of Jr^ [6] - roughly that 6^ is crossed top 
to bottom by Sn- Since these time pairs must be disjoint, we can consider the first, which we 
shall denote by (t^,t+). 

Fix Q C -ff [6] , s^, s^ e S for each r] E Q and s° G S for each r] G H\Q and define the event 

B = B{Q,s'^) = {^H [b] = Q}nf] {^,(0,g = slS,{t+,TeBr) = 4}n fj {5,(0, ra^r) = sj} . 

We partition {Srj{-) : r] G H} to such S(Q, s^) events satisfying Fh [B{Q,sIj)~\ > 0. Any two 
distinct B{Q,sl^),B{Q,slj) have empty intersection because either Q j^ Q oi ii Q = Q then 
s^ 7^ s^ for some r] E Q. Observe that TZnXb'^ is determined by B, and that by our construction 
(Claim [5^ . so is ipn []■ Since "H is (JlnXb'^ , ipH [■]) measurable, and the B events are a partition 
of the entire probability space, those for which ¥h [B.T-L] > form a partition of H. H C V^ 
so any positive probability B{Q,sl^) C "H has \Q\ > p||6||'^~^. For each 77 G Q let a{ri) = 
s^(||s^||), z(?7) = s^(0) and let h he a. 6-itinerary, h = (a(?7), z(?7)) ^q with order inherited 
from H. Since Sr, are independent and S is a product of events on {S'^j^g/^ , {{ipH [b] = Q} 
can be factored to each {5',},,g_ff), we have by the Markov property (see Proposition 18.11) . 
that {Sn(tjj,t^)^ under F^ [-IB] are independent random vectors with the distribution of 

S{0,Tgb7) under Pa(77) ["iTabT = Tz[n)]- Thus |J lZr,{tr,,t'^) under ¥h [-I-B] is distributed like TZh 

under Fh[-]. Let / = [j s°^ U [j s] U [j s^ and let /(t) = (/ U F(t)) n 6^ Since all 

elements in the union are -B-boundary-connected, f{t) is a 6^-boundary-connected-path. As 
{Uh U F{t)) n 6^ = f{t) U U {7^,(t,, t+)}, we have for any ^ C P (6^) 

¥h [{{n U F{t)) n 6^ : t > 0} C A\B] = ¥h [{7^ U f{t) : t > 0} C ^] . 

Since \h\ = \Q\ > p||6||"'~^, h is p-dense, and as B is an arbitrary partition element of "H, this 
proves the lemma by Proposition 18.21 D 

5.3 Properties of the range of a random walk 

We will require the following large deviation estimate for sums of independent indicators, a 
weak version of Lemma 4.3 from |BL91] . 

Lemma 5.7. Let Q be a finite sum of independent indicator ({0, 1}- valued) random variables 
with mean p > 0. There is a < Cf < 1 such that 

Pr [Q < p/2] , Pr [g > 2p] < exp {-Cffi) . 



Recall Dp from Definition 15.51 

Theorem 5.8. There is a A{d) > such that for any q > 0, g > there is a C{q, g) < 00 such 
that if n > C and H is a g-dense B{n) -itinerary, 

¥h [Vl^] >l-q. 
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Proof. Fix b G cr{B) and let m 
rjeH, 



s(n). Lemma 18.31 tells us that for any 5-traversal 

d-2 



P' [Jr, m > CA (^) 



Let Q = Yl ^Jvlb]- For all large enough n, \H [b]\ > 60 gn , so by linearity, 

V£H[b] 

Eh [\^h [b]\] = Eh [Q] > gQO-^CAm''-^ 
Since the random walks S*^ are mutually independent, by Lemma [5.71 there is a cj such that 

Fh[Q<E [Q] /2] < exp (-cjE [Q]) < e"^™'"'. 



Let A = 60"'^ca/2. For m > 



2d 



logn 



we have 



CAC/60 "^g 

Fh [Q < gAm'^-^] < 



n 



-4:{d~2) 



(5.1) 



If 6 = b{x,m) G (t{B) then x G S^ and m = s{n) = [log n] which is a;(log'*-2 n) but o(n). 
Thus, for all large n, a union bound on (t{B) gives the result. D 

Remark 5.9. One can obtain any polynomial decay in (15. ip by taking m = log n, for large 
enough k. 

Lemma 5.10. Let b{n) be a box, let F{t) be a b-boundary- connected-path, and let H be a 
p-dense b-itinerary, p > 0. There is a c{p) > such that for all large n 

¥h [Vt > 0, (7^ U F{t)) n b^ IS connected m 7^ U F{t)] > 1 - exp(-cn^"2/^). 

Proof. For any h C H, F{t) U TZh is also a 6-boundary-connected-path and is independent 
from the traversals in H\h. Thus we may assume wlog that \H\ = \pn'^~'^~\. Let H^'^ = 
{qeH : 7^(r/) n b^-^ ^ 0}. We show that n{H^-^) is connected in 7^ = 7^H whp. Set D = 
[log(]^_,_^-i) y]. If \H^-^\ < 1 we are done. Otherwise given distinct traversals C^'^ ^ H^'^, 
partition H\ {(, y?} into sets H^, Hf, . . . , Hfj, H'^ and if*, where each of the 2D + 1 sets has 
size at least \H\ /3D > CD{p,d)n'^-'^. Set M^ = 7^(C) nb^ and for i = 1,...,D recursively 
define 

Mf = [j 7^(r/)n6^. 

^7GHf:Aff_,n7^(r,)^0 

Define Mf analogously. Thus the event M = l^r] e H^ : 7^(r/) n MJj , |7^(r/) n M^| > o| 
implies that 7^(C) is connected to TZ{(f) in TZ, an event we denote hj ( ^ (f. For i = 0, . . . ,D 
let MJ = < M^ > dpTi^^'^'^ ^^' \ where Cp = Cgp A ^, with Cg from Lemma 15.111 Define M.f 
analogously. By independence of A^J, and A^^, 



Fh [C^v]> Ph [M] >Fh[m\ Mi,Ml 
By Proposition [821 for some F^{H^),F^{H^) C b^ with 



P 



H 



Mi 



^H [Ml] 



(5.2) 



F^ 

^ D 






P 



H 



M I M^Ml 



> P 



H 



M \Mi = F^^,M^ 



^ D 



1 -Qd- 



(5.3) 



21 



Given rj = (a, z) G iJ*, let T(^{ri),T^p{ri) be the first hitting times of FJ^^F^ by 77 respectively. 
By Proposition 18.51 for some x G F5, 

Pa [tc, T^ < TosA'^dB-' = Tz] > Pa [tC < TdBTlTQB'' = T^] Px [t^ < 1"9B7|^9B^ = ^z] • 

Fd\ — c^n^'^^^1 by Lemma [8.41 and Corollary 18.111 each term in 



Since F^,F^C b^ and 



F^ 

^ D 



the product above is at least 



Ci(cfn2'^/3)'"'/'cn2-'^ = C2n(2-'^)/^ 



Let xiv) be the indicator for the event {t^(?7), T^ijl) < '^'dB'' {.v)} 1 ^"^^ write S = ^ xiv)- Then 
Qd ^ Ph 1*^ = 0] ■ By concentration of independent indicators in Lemma 15. 7[ we get 

Qd < exp(-c/Cz)n'^-2c2n2(2-'^)/3) < exp(-C3(p)n('^-2)/3). (5.4) 

We now lower bound Fh -Md ^^^ ^h [-^d] from (15. 2p . Since the bound is the same for both 

terms, we drop (,ip from the notation. Note that by connectedness of each traversal in H^'^, 
A^o is of probability one, thus by chaining conditions 

D-l 

Ph [Md] >l[^H [M^+i \Mi,...,Mo]. (5.5) 

i=0 

By Proposition 18.21 for some Fi{Hi^i) C b^ with \Fi\ > drS^^'^ ^' we have 

¥h [M^+l \Mi,...,Mo\> ¥h [M^+i \ Mi = Fi] . 

By Lemma [5.11[ for < ? < -D — 1, if -F'j C 6^ and |-Fi| > c^n'-^"'"'^ •*', then for all large n and 
some Ci{p) > 0, 

g,(F,) = 1-Fh [M^+1 I M, = Fi] < exp{-c,n'-''/''). (5.6) 

Let Qi = 1 — Pi for i = 0, . . . ,D. Writing (^ i^ (p for the event that TZ{C) is not connected to 
7?.((y9) in TZ, and plugging (15. 3p . (15.51) . (15. 6p into (15.21) and using the bounds from (15.41) . (15. 6p 
we have for large n and c^i^p) 

D D 

^h[C^v]<1- l[{l - q^f <2J2<1^< 2Dexp(-C4ni-2/d). 

4=0 j = 

Since we assumed \H\ < 2pn'^^'^ we union bound the probability for {( ^^ Lp} over any two 
traversals in H^^^ , to get 

¥h [n{H^-^) is connected in 7^] > 1 - exp(-C5n^-2/^). (5.7) 

Let J-" be the event that for any t > 0, any x G F{t) fl b^ is connected to TZ{H^'^) in 
7^ U F{t). By (15.71) . to prove the lemma it remains to show that J-" occurs whp. Let tx = 
inf {t > : X G F{t)} and denote by Mx the component of x in F[t^). If for fixed t > x G F{t) 
then tx < t and M^ C F{t). Thus J" is implied by {Vx Eb^ : M^n n{H^-^) ^ 0}, which is in 
turn implied by {Vx G b^ : M^ fl 6^'^ fl TZh 7^ 0}- Since F(t) is 6-boundary-connected for all t, 
Mx n b^'^ is of size at least n/2 for all x G 6^. By Lemma 15.111 the probability none of the 
traversals in H hit Mx fl b^'^ decays exponentially in n. Thus by union bound for some cq{p) 

Fh [3x G b^ : Mx n b^-^ n 7^ = 0] < |6^| exp(-cn^"2/^) < exp(-c'ni^2/'^), 

and we are done. D 
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The below lemma shows that whp, the union of those ranges of a dense itinerary which 
intersect an interior set of low density, has size of greater order than the size of the set itself. 

Lemma 5.11. Let b = h{n), and let M C If' where \M\ > (3n°' with a,(3 > 0. Let h be a 
Q-dense h-itinerary, q > {). Then for 7 = 1 + 2(a~^ — d~^), Cg{d) > and all large n, 



|7^ {{r]eh: 11(7]) n M 7^ 0}) n 6| < CgQlSn^'' A 



n 



< exp{—Cggf3n 



a(l-2/d)^ 



Proof. Fix ri = {a,z) e h and Q C b. Let B{r],Q) = {\Q\ < n^ 12] U {|7^(r/) ng| > Cqu^}, 
Co > determined below. Let tm{j]) be the first hitting time of M by S*^, and let rg(?7) = 
inf {t > : S'^(0,t) C B] be the first time the occurrence of B is implied by S^^it). By Propo- 
sition 18.51 for some y;.^ M 

Pa [ta/, Tb < TdsA'^dB'' = ^z] > Pa [tm < TdsA'^dB'^ = ^z] Px [t"B < TQBA'^dB^ = ^z] • 

By Lemma 18.41 and Corollary 18.111 

Since M G b^ and assuming \Q\ > n'^/2 for the nontrivial case, again by Lemma 18.41 and 
Corollary 18.111 we get for some Cq, C2 > 0, 

Px [7^(0, tqb-7) nQ > con^\rQB7 = Tz] > C2. 

Recall, h = (771,772, • • •)• Let 7^f = 7^({r/i e h : 1 < i < k, TZirn) n M ^ 0}), let xijl^ Q) be the 

k 

indicator variable for the event {tm{v)^'^b{v) < '''ds'^iv)} ^^^ l^t Sk = Yl xiViy^X^f-i)- Then 



j=i 



\TZ^ I stochastically dominates cqu Sk A ^. By above bounds, and independence of traversals, 
the sequence xiVi^^X^i-i) dominates iid Bernoulli r.v.'s that are 1 w.p. ciC2(3n"^^~'^^'^^~^^'^~^\ 
Thus by concentration of iid Bernoulli r.v.'s, e.g. as stated in Lemma [5. 7^ 



Ph 



|7eK|<|nX[5|.|]A^ 



Since 






^h[ 


we get 




P/. 


7^g <c^g(3n 


and are done. 





2 L i»u 2 



< exp(-c/E/, [S\h\\). 



in 



,a(l+2(a-i-d-i)) ^ ^ 



< exp(— cjC3^/3?T.' 



a(l-2/d)^ 



D 



Theorem 5.12. Fix p > 0. Let H be a B{n) -itinerary and let F(t) be a B -boundary-connected- 
path. There is a C{p), D such that for n > C 

¥h [{n u Fit) : t > 0} c g'M I pxj > 1 - ^• 
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Proof. See 12.41 for the properties each sub-box must possess relative to 7^ U F{t) for the above 
to hold. Using Lemma [5.61 and a union bound on crlB), it suffices to show that for any fixed 
b G cr{B), any Ap-dense 6-itinerary h, and any 6-boundary-connected-path f{t), 



Ph 



\nnb\> ipchA-)\b\ 



> 1 



n 



-2d 



Ph [Vt > 0, (7^ U /(t)) n b^ is connected in (7^ U /(t)) n 6^] > 1 - 



n 



-2d 



(5.8) 
(5.9) 



Let m = \\b\\. Using Lemma [5.111 with M = b,a = d, P = 1 and Ch = Acg we get that the LHS 
of (15.81) is greater than 1 — exp(— pc/im^~^). By Lemma [5.101 the LHS of (15. 9|) is greater than 
1 — exp(— cm'^'^"^)/^). 



Since m is ^(logd-s n), we are done. 



D 



6 Renormalization 



Refer to l5.lt [HT^ and Definition 15. 5l for the definitions of Tp, an itinerary, a boundary-connected- 
path and Vp, used in this section. 

Theorem 6.1. For any u > 0, there is a p{u) > such that for any k > 0, 



Po [Vt > uN'^,r{N) IS a {nN{t),k,p)-good torus] 



N 



Proof. Let Fjj{b, k, p) be the event that a box b is {Oj^^ o TZj^(t), k, p)-good for all t >T. Since 
the number of top-level boxes for T{N) is bounded, the theorem follows by definition of a good 



j-r (&) 



N 



— )■ 1 uniformly for an arbitrary top-level 



torus if we show that for some p > 0, Pq 
box b. 

By translation invariance the above follows from showing that for B = B{0, [A^/10]) 



j-r (B) 



N 



uniformly for x G Z"'. For p > 0, Tp = Tp{N) is a random function of >S'7v(-) defined in 15.21 
Roughly, Tp is the time it takes Sn{-) to make p||i?||'^~^ top to bottom crossings of On{B'^). In 

Lemma 15.21 we show there is a p(n) > for which Px [rp > uN'^] — )■ uniformly for x G Z'^. 

J^r\B)Dr^^{B)\{rp>uN'}, 

it is thus enough to show Px [J-'^(-B)] — )■ 1 uniformly for x G Z'^. 

A p-dense _B-itinerary (defined in 15. ip is essentially a product space of p||i?||'^~^ SRWs 
conditioned to cross B^ from top to bottom. A 5-boundary-connected-path F{t) is a map 
from Z-° to 2^ with certain properties (defined before Lemma [5T3|) . By Lemma [5.31 there is a 
p-dense i?- itinerary H (independent of x) and a S-boundary-connected-path F{t) (dependent 
on x) such that 

Px [J^N^iB]] > ¥h [{7^ U Fit) : t > 0} C Q^] . 



By Corollary 16.31 below, the RHS approaches one as N tends to infinity uniformly for p-dense 
i?([A^/10])-itineraries (and independently of F{t)). D 
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In the below lemma we use a dimensional constant Pd < I from Corollary 14.21 

Lemma 6.2. Let B = B{n), fix j > and p > 0. Let Ci{p,j) be such that for any pA-dense 
B-itinerary h, B -boundary- connected-path f{t), and n > Ci we have 

P,, [{7^ U /(t) : t > 0} C ^j^i] > Pd. 

Then for allp < 1 there is a C2{p, p) such that for any p-dense B-itinerary H , any B -boundary- 
connected-path F{t) and all n > C2 

Fh [{n u F{t) : t > 0} c g^] > p. 

Proof. Fix a p-dense i?(r2)-itinerary H and a i?-boundary-connected-path F{t). Let cxj = 
|(t(5)P and let 

S = {bea{B) : Vt > 0,6is {TZU F{t),j - l,pA)-good}. 

Observe that if A5 G V{aj) and {7^ U F{t) : t > 0} C ^^, this implies that {7^ U F{t) : t > 0} C 

See Def. 15.51 for the definition of ^Xp; which is roughly, the event that each b G cr(i?) is 
traversed top to bottom at least Ap||fe||'^~^ times. By Theorem 15. 8[ for any g > there is a 
Ci(g,p) such that for all n > Ci, 

p^ {vi;\ > 1 - g. 

By Theorem 15.121 for any g > and all n > C2(g, p), 

P^ [{7^ U F{t) : t > 0} c ^oH ^Xj > 1 - g. 
Thus, if we also prove that for all n > C^i^q) 

FniASeVia,) \ Vl^] > 1 - q, (6.1) 

then for g < (1 - p)/A and n > Ci(g, p) V C2(g, p) V C3(g) 

Ph [{7^ U F(t) : t > 0} C ^;] > p > 1 - 4g, 

and we are done. 

Let Fj C B{aj) and let b G cr(S). Write J^j{Fj, b) for the event that A {S\Bi^{b, 20)) = Fj. 
By Corollary 14. 21 (a consequence of the main theorem in |LSS97] ). to prove (16.1 p for all n > C{p), 
it is enough to show that for any such Fj for which Fh [T^Ap, J^j] > 0, 

FH[beS\Vl^,T,] >pd. (6.2) 

Since {b G 5} is a function of (TZ U F(t))r\b'^ , by Lemma IF^ (16. 2p follows from our assumption. 

D 

Corollary 6.3. Fix k > and p < 1. Let B = B{n), let H be a g-dense B-itinerary, g > 
and let F(t) be a B -boundary-connected-path. Then for all n > C{g, k,p) 

FH[{nufit):t>o}cg^]>p. 

Proof. Wlog p > pd- Let b = b{s^''\n)). By Theorem 15.121 for any ^A^-dense 6-itinerary h, 
6-boundary-connected-path f{t), and whenever s^'^^n) > C{1 — p, p) 



F, 



{7^ U fit) : t > 0} G ^, 



gA'= 




> p. 



Iterate Lemma [6.21 with above p from j = 1, p = gK^ ^ to j = k,p=g to finish. D 
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7 Random Interlacements 

In this section we prove Theorem 12.31 

Definition 7.1. Denote by Uu',u{Top — )■ Bot) the set of trajectories w G Supp{uu',u(W^gp)) 
such that the first exit position of w from B^ is in Bot C dB^ . 

Definition 7.2. Let Up = mi{u > : MTop -^ Bot)\ > pN'^-^}. 

Lemma 7.3. Up is well defined a.s. 

Proof. Denote by p{N) = P<^(|a;i(Top -^ Bot)| > 1). Then for every N, p{N) > 0. By 
independence between Uu,u' and u^^^' for u < u' < v < v', we obtain by the Borel-Cantelh 
lemma that 



F^{3k, |wfc(Top -^ Bot) I > pN^-^) > P^ hmsup \ui,i+i{Top -^ Bot)| > 1 



D 



Lemma 7.4. Let N > 0, p > 0, 

lim F^up <p) = l. (7.1) 



N-^oo 



We now prove the equivalent of Lemma 15. 2[ 
Lemma 7.5. For every u > there is a p{u) > such that 



lim F^iug <u) = 1. 



Proof. First, |i^u(Wrop)l i^ distributed Poisson(MCap(Top)). There exists a dimension depen- 
dent constant c^ such that, cap(Top)= c'^N'^~'^ (See [LLIO] Proposition 6.5.2). By the invariance 
principle, mina;gTopP^(^T 7 G Bot) = 0(1). Thus there is a dimension dependent constant 
Crf > such that |cj„(Top — )■ Bot)| stochastically dominates a Poisson(uQiV'^~^) distribution. 
Now take any p < ucd, and by Chebyshev's inequality we obtain 

P^(|a;„(Top^Bot)|<piV^"2) ^ Q^ 

which concludes the lemma. D 

Lemma 7.6. For N > large enough fix a box b = 6([A^/10'|), p > 0, m > Up. Then 
for any A C 2'' there is a p-dense b-itinerary H = H(A) and a b-boundary- connected-path 
F{t) = F(x,t) such that 

P [trace(w(W;)) G ^] > P// [{71 U F{t) : t > 0} e A] . 

Proof. Since u > Upwe know |ci;„(Top — )■ Bot)| > pN'^~'^. Order the trajectories in ^^(Top — )■ 
Bot) by some arbitrary but fixed method. For every I < i < pN'^~'^ and trajectory Wi G 
a;tj(Top — > Bot) denote by a{i) G Top, the starting point of Wi and by z{i) G Bot, the exit 

point. For every 1 < i < pN'^~'^ let rji = (a(z),z(z)), and H = (771, . . . ,771- >r^_2] )• Let 
F{t) = [j^^suppic^iw^)) trace(u;) \ Uff^ trace(u;i). Then 

P [trace(w(lV;)) cA]=¥h [{7^ U F{t) : t > 0} C ^] . 

D 
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Theorem 7.7. For every A; G N and p > 0, there exists a constant a{k,p) such that 



a 



Pioo i Qi{n)) < - 



n^ 



Proof. The proof foUows Theorem 16.11 without the union on top level boxes. D 

We now prove the bound on the heat kernel of random interlacements. 

Theorem 7.8. Let X„ be a random walk on the graph trace{uj). For large enough N, if 
oj € Q'^{N), there exists a constant C{k,p) such that 

Proof. Let e > 0. By |MP05j (Theorem 2) there exists a constant c such that if for some e > 

c /' ^^ < ^ (7.2) 

Ji r(j)^{r) ~ 

then Po{Xn = 0) < e. In order to bound Po{Xn = 0) it is enough to consider the isoperimetric 
constant of sets inside B{n). Indeed consider a new graph which is the same as u inside 
B(n) but all the edges are open outside B{n). For every set A ^ TJ^ such that \A\ > n^/^, if 
A n B{n) = (f) then by the isoperimetric inequality of Z"', \dA\ > \A\~d- , U ACi B{n) ^ (p and 
\A n B{n)'^\ > ^\A\, by the triangle inequality and isoperimetric inequality of Z'^, 

d-l 

\dA\ > \d{AnB{ny)\ > {\AnB{ny\)^ > (^1^1^ 

If A n B{n) ^ 4> and \A fl B{n)\ > ||A|, since \dA n B""] > \An dB\, (a straight line between 
two points is the shortest path) 

\dA\>\d{AnB)\>c{k,p)(^\A\] ' (s(')(n))'"\ 



If (f)(r) is realised by a set of size smaller than A^a, ^(r) > A^ ''^. By Lemma [3.31 

dr f-^ dr fl dr .^ /4\ fl cik, p)~Us^''\N)Y''"^ dr 

= / — -, h / — = Ns log - 

1 repair) J, rA JNhr(f)^{r) V 

N-s\og{-]+^ V^ 



1 



2 



ATTj rr d 



(7.3) 



e/ £2 

Thus ,f e > '"(•'"":»"", P„(X, = 0) < '-(''"i-jr' < ^-....'JH-V). □ 

The proof of Theorem 12.31 follows Theorem 17.81 and Theorem 17.71 
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8 Appendix A 

Recall the notation from Section 15.21 and let Tq = 0, and for z{i) G G, rraj G N where i > 1 
recursively define 

Ti = Ti{{z{i)}, {nii}) = inf {t > r^.i + m^.i : S{t) = z(z)} . 

Proposition 8.1. Fix n G N, Sq, • • • ,s„, (?!, . . . , (?„ G S(G') and Ci, . . . ,C„ C S{G). Set z{i) = 

n 

Si{0),mi = ||si||,a(z) = Si{mi). Define the events ^ = fl S{Ti,Ti + rrii) = Si, B{Ai,...,An) = 

i=0 
n 

n S{Ti_i + mi_i, Ti) G Ai. Writing Bg for B{{gi}, . . . , {gn}) and Be for B{Ci, . . . , C„) and 
assuming Pz(o) [-^7 ^c] > we have 

n 

P,(o) [A,Bg I A, Be] = n^aw [5(0, r,(,)) = g, \ 5(0, r,(,)) G Q] . 

1=1 




X n t n+mn 




z(0) a(l)^^,__Vz(l) a(n) \^ zin) s„ 

Figure 8.1: Schema of A, Be on top and of A, Bg on bottom 



Proof. See Figure ISTT] for an illustration. Observe that if for some i, gi ^ Cj, then both sides 
are 0, thus we assume gi ^ Ci. 

P,(o) [A, Bg I A, Be] = Pz(o) [A, Bg] /P,(o) [A, Be] . 

Let Wi, . . . , 1V„ C S(G) be with the property that for each 1 < i < n and w E Wi, w = 
(a(2), vi, . . . , Vfc, z(i)) G S(G), Vj 7^ z(2) VI < j < k. For each (wi, . . . , w„) G VTi x . . . x iy„ 
we decompose ^, B{{wi}, . . . , {wn}) according to the Markov property and sum to get 

n 

Pz(o) \AB{Wi,...,Wn)] = ([[P.{ii) [5(0,mi„i) = Si„i]Pa(i) [5(0, r,(,)) G PF.])-Pz(„,) [5(0, m„) = s. 



i=l 



(8.1) 

Since we assume Pz(o) [A, Be] > 0, we have that each Ci consists of paths with the constraints 
above. Using 08.11) with Wi = Ci and Wi = {gi} we get 

n 

P,(o) [A,Bg I A, Be] = n(Pa« [5(0, r,(,)) = g,] /P^^ [5(0, r,(,)) G Q]), 
and are done. D 
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Proposition 8.2. Let X, y be events in some probability space, and let {ya}a£i ^^ ^ partition 
of y where Va G /, Pr [J^q] > 0. Then for some '-f,r ^ I , 

PT[x\y^]<FT[x\y]<FT[x\yr]. 

Proof. Follows from the identity 

Pr [X\y] = > ; Pr \X\y^] Pr [yj / Pr [y] . 






D 



Recall JJb [b] from Definition 15.51 

Lemma 8.3. Let B = B{n), let b G cr(-B), where we write m = \\b\\. There is a c\{d) > 0, 
independent of n, such that for any a G A{B), z G Z{B) and all large n, 



PAJB[b]\r9B7 



r.J>c^(^) 



d-2 



Proof. For y = (i/i, . . . ,yd) G Z'^, define B{y) to be the event 5*0 hits 6 at y and then the 
first coordinate of 5*0 hits yi + Am and then hits yi — 8m, while the maximal change in the 
other coordinates is less than m. Let Teiy) = inf {t > : S'(0, t) C B{y)} be the first time the 
occurrence of B{y) is implied by S{t). By Proposition 18.51 for some x G 6 

Pa [n, TBiSin)) < TQB7\TaB7 = T^] > Pa [u < rQBr\TQB7 = T^] Px [t-b(x) < TgB^lTQBr = T^] ■ 

Using Lemma 18.41 together with Corollary 18.111 we have 



/m\d--^ 



Pa [n < rgBT\rQBr 

Since {Tg(x) < rgs?} C J^b [b], we are done if we show for some C2{d) > 

Px [t-b(x) < TQB7\rQB7 = Tz] > C2. (8.2) 

Partitioning over S'(rg(x)) G b^^ and using the Markov property, we have for some y G b^^, 

Px [t-b(x) < TdB7\T9B7 = Tz] Px [tqb7 = T^] > Px [rtsi^) < ^"957] Py [tqb7 = T^] . (8.3) 

By the invariance principle, Px [tb(x) < tqb7] is bounded away from zero by a dimensional 
constant independent of x. Since x, y from (18. 3 p are contained in B^ for all large n, we use 
Lemma ElO] to get (E2D- □ 

In below lemma we look at the number vertices hit in an interior set M C -B^ by a 5- 
traversal, and lower bound the probability for this number to be small in terms of |M|. 

Lemma 8.4. Let B = B{n), let M C B^ , set a e B'^ and z E Z{B). Let X{M) = 
|{v G M : Tv < Tqb7}\ and let fix = fJ'xi^, z) = Ea [X{M) \ tqb7 = t^] . There is a Ci{d) > 0, 
independent of n, a and z, such that for all large n 



X{M) > -fix I r9B7 = r. 



>c,f,x\M\-'/\ 



Thus if Pa [tv < TdB7 I TQB7 = T^] > f (u) for cvcry \ G M, then since X{M) = ^^g^/ ^{r^Kr^gr}' 
we have 



X{M) > -fix I T9B7 = r. 



>c^\M\'-'/'f{n) 
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Proof. Write /xx^ for Eg [X'^ \ tqb^ = Tz]. By the Paley Zygmund inequality, Pa \X > |/ix] > 
^fix/fJ'X^, so enough to show 

fix2 < Cm^fix, 

where m = \M\ ' . 
By hnearity, 

/^X2 = 2J zJ -^^ t^'^' ^'^ ^ ^'9^' I ^'9^' ^ ^^] • 

v6M wgM 

For two vertices x, y let Tv^w = inf {t > Tx : S'(t) = y}. By a union bound 

Pa [^w, Tv < Tg^T | T^^^ = T^] < Pa [t^ < T^.v < ^9^7 | T^sT = T^] + 

Pa [t"v < Tv,w < TaB7 I TdB7 = Tz] . 

By Bayes Theorem and the Markov property, 

Pa [Tw < Tw,v < T-QBT I Ta^T = Tz] 

_ Pa [t-w < TgBr \ TggT = T^] Pa [Tw < Tw,v < Tq^? = T^ | Tw < rgg?] 

Pa [TeB7 = Tz I Tw < Tas?] 
= Pa [Tw < TaB7 I rg^T = Tz] Pw [Tv < Tqb^ \ TdB'! = Tz] • 

Again by the Markov property, 

Pv [T"aB7 = Tz] Pw [t-v < Tqb^] 



Pw [Tv < Tas? I Tas^ = Tz 



Pw [T"aB7 = Tz] 

So by Lemma [8.101 since v, w G Af C -B®, 

Pw [Tv < T-aB7 I TQB^ = Tz] < CPw [Tv < rgB^] < CPw [Tv < Oo] . 

Thus by symmetry 

/iX2 < 2 ^ Pa [Tw < Tqb-' I TasT = Tz] ^ CPw [Tv < Oo] . 

wSM VGA/ 

By Markov's inequality, Pw [^v < cxd] < ^(w, v) where G(-, ■) is the Green's function of a 
simple random walk on Z*^. Standard estimates for G{-, ■) (see e.g. Theorem 1.5.4 in [Law96] ) 
give that Pw [tv < C)o] < C{d)\\w — v\\l~''' and thus 



22 Pw [^v < oo] < 22 w^ ~ ^\ 



\2-d 
I2 

veM veM 



For some c{d) < 00, and all r > 0, a ball of radius cr around the origin contains at least r'^ 
vertices in Z*^. Since the RHS above can only be increased by moving a vertex in M closer to 
w, we have 



cm 

|2/d 



^ Pw [t-v < 00] < (7 J] r'^^V^-'^ <Cm^ = C \M\' 

vSM r=l 

Since fix = Z] Pa [^w < tqb'' \ tqb^ = r^], we are done. D 

weM 
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Let To : ilf'Y"^ — 7- Z-° be a stopping time for the random walk S'(t). We denote by Tq the 
stopping time on the t-time shifted sequences, i.e. rQ(ao, ai, . . .) = ro(af , a^+i, . . .) + t. We call 
To a simple stopping time if Tq > tq for every t > 0. 

Proposition 8.5. Let B = B{n), set a G 5^ and z G Z{B). Let ti,T2 be simple stopping 
times (see above). Then there exists a x satisfying Pa [S{ri) = x, ri < tq^? \ tq^? = t^] > 
such that 

Pa [n, T"2 < T-g^T | Tqb7 = T^] > Pa [^1 < TgB7 \ TqbT = T^] Px [t2 < Tqb7 \ Tqb7 = T^] ■ 

Proof. Let 

TTy = Pa [S{ti) = y, n < TdB7 \ Tqb^ = T^] ■ 

For y satisfying vTy > we have by Bayes 



Pa [n, T2 < T9B7, S{ti) = y | Tqb7 = T^ 



TTyPa [n, ^2 < rgB7 = T^ \ S{ti) = y, n < Tasv] 



Pa [rdB7 = r^ I S{ti) = y, n < rasr] 

(8.4) 
Since T2 is a simple stopping time, 

Pa [n, T2 < TQB7 = Tz | S{ti) = y, n < T9B7] > Pa [^1 < T^^ < Tqb7 = T^ \ S{ti) = y, n < Tqb7] 

Plugging the above into 18.41 and using the strong Markov property, we get 

Pa [n, T2 < Tqb-', S{Ti) = y I TgB7 = T^] > TTyPy [r2 < Tqb7 \ Tqb7 = Tz] . 

Let X G {y : TTy > 0} be the vertex for which Px [t2 < tqb7 \ tqb7 = Tz] is minimal. Summing 
both sides over {y : vTy > 0} we are done. D 

We quote the Harnack Principle for Z*^ from Theorem 1.7.6 in jLaw96j . 

Proposition 8.6. Let U be a compact subset of M'^ contained in a connected open set V . 
Then there exists a c = c{U, y) < oo such that if An = nil fl Z'^, Dn = nV fl Z'', and 
f : Dn U dDn — )• [0, oo) is harmonic in Dn, then 

fix) < cf{y), x,y e An. 

Lemma 8.7. Let B = B(n) and let F be the union of all hyperplanes in 1/ that intersect B^ 
and are parallel to Z{B). There is a C > such that for any y G Z{B) U A'^lB) and any 
V e FnB^, 

Pv [TdB^ = T-y] < Cn^-''. 

Proof. We prove for y G Z{B). The proof A~^{B) is the same so we omit it. Let H be the infinite 
hyperplane in Z*^ that contains Z{B), and let Hq a parallel hyperplane, which is the component 
of dB7F closer to Z{B). Let h{y) be the /i-closest vertex to y in iJo- By vertex transitivity, 
there is a function g{n) such that for any y G Z{B), Ph(y) [th = Ty] = g{n). Observe that 
P() [th = Ty] is a non-negative harmonic function in the component oi'L'^\H containing Hq, so 
by the Harnack principle for 1/ (Proposition 18.61) . for some c > 0, any v G -F fl i?^,y G Z{B) 
satisfies 

cPv [th = Ty] > Pft,(y) [th = Ty] = gin). 
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Summing both sides over y G Z{B) we get 

g{n) < Cn^-'^. 

Since {rg^T = Ty} C {tu = Ty}, another apphcation of the Harnack principle finishes the proof. 

D 

Corollary 8.8. Let B = B{n). There is a C > such that for any a G A{B), z G Z{B) 

Pa [r. = rosr] < Cn-". 

Proof. Using the notation of Lemma [8.71 by the Markov propertyF 

Pa [t-z = TqbA = X] Pa [tf < TdB^ , S (Tf) = x] P^ [t^ = TgB7] . 
X 

The right term is uniformly bounded by Cn^~'^ by Lemma 18.71 Summing over x, the event 
{tf < TQBr} implies that a one dimensional random walk starting at 1 hits n before hitting 0, 
an event of probability n~^. D 

Proposition 8.9. Let B = B{n). There is a c{d) > such that for any A C Z'^ and v,w G 

Pw Fv < TaI 

Proof. Write Ga (v, w) for the Green's function of a random walk killed on hitting A, i.e. the 
expected number of visits to w for a walk starting at v before it hits A. By elementary Markov 
theory we have symmetry of Green's function, Ga (v, w) = Ga (w, v) and the following identity 

Pv [t-w < roB7] Ga (w, w) = Pw [tv < TQB7] Ga (v, v) . 

For any v G Z'^\y4, ^^(v, v) > 1, and is bounded above by the reciprocal of the probability a 
simple random walk never returns to v, which by transience in d > 2, is a finite dimensional 
constant. D 

Lemma 8.10. Let B = B(n). There is a c > such that for any a G A{B),z G Z{B) and 
any x G B^, 

en'-'' < Pa [Tx < roBr] , Px [t, = TQBr] < C-'u'-^ (8.5) 

Proof. Let Dy^{r) = |v G Z'' : ||v — x||2 < r}. Lemma 1.7.4 in [Law96j tells us there is a 
Ci{d) > such that for any r G dDo{r), 

Po [raDoir) = Tr] > 0^'-" . (8.6) 

Fix y G A'^{B). Then there is a v G 5^ such that y G dD^{n),D^{n) C B^ . Since 
{'TdD^in) = 7y} implies {tqb7 = Ty} wc get that 

Pv [TdBr = Ty] > cm'-''. (8.7) 

The probability to exit B'^ at y is a non-negative harmonic function in B^. Thus by the 
Harnack principle for Z*^ (Proposition 18.61) . and since Ci is independent of y, the above is true 
for any v G 5^ and any y G A~^{B) with an appropriate constant C2 > replacing Ci. 
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The same argument proves the lower bound in 18.51 for Px [tz = tqb'^]- 
Next, by Proposition 18.91 we have Pa [tx < tqb^] > cPx [Ta < tqb^] ■ Let a"*" be a's neighbor 
in A'^{B). Since {ra < tqb^} D {Ta+ = tob''} and by (18.71) . we get 



Px [ra < T9B7] > Px [T-a+ = TdB^] > CTl 



l-d 



which proves the lower bound in 18. 51 for Pa [tx < t^^t] as well. 

The upper bound for Px [r^ = tqb^] is immediate from Lemma IHTTl To prove for Pa [tx < tqb^] 
we first use the lemma to get 

Px [ra+ = tqbA < Cn^-\ 

which implies the bound for Px [ra < Tqb"^], since by the Markov property, the probability for 
exiting B^ one step after hitting a for the first time is 

Px [Ta < TqbA ■ ^ < Px [T-a+ = TqbA ■ 

Using Proposition 18.91 again, we get the bound with a new factor for Pa [tx < tqb~]- □ 

Corollary 8.11. Let B = B{n). There is a c> such that for any a G A{B) U B^,z e Z{B) 
and any x G B^, 

Pa [tx < TdB^ I TeB7 = T^] > cn^~'^ . (8.8) 

Proof. By the Markov property 

Pa [Tx < rQB7 I TQB7 = Tz] Pa [rgB^ = Tz] = Pa [^9^7 = Tz | Tx < Tqb7] Pa [^x < Tas?] 

= Px [rdB^ = Tz] Pa [Tx < Tqb^] ■ 

If a G A{B) then Lemma [8.101 and Corollary 18.81 give the bound. If a G 5^ then Lemma [8.101 
gives us the LHS is greater than cPa [tx < tqb'']- 

For r > let ¥ = {x G M"^ : Vi, 1 < i < rf, |xi| < r/2} and for y G M'^ let r)(y,r) = 
(x G M'' : ||x - yjla < r}. Choose K{d) points yi, . . . , yx e b*^ such that b^ C U^=iC>iyi, 0.1) C 
b^-^ Let D^{n) = 9(nyi, an) n Z'^. Then for a > 0.1 and all n 

K 

B^ C [JDI C5^+". 

i=l 

Let Pa(x) = Pa [tx < tqb7]- To show Pa(x) > cn'^~'^ uniformly in x, a G -B^, it is enough to 
show, wlog, that there is a Ci > such that for any x G -D5''^,a G i?^, Pa(x) > Cin^~'^. Since 
Pa(x) is harmonic as a function of a in B'^\ {x}, by the maximum (minimum) principle, 

min Pa(x) > min Pa(x). 

aeD?-2\{x} aG9D0-2u{x} 

Since Px(x) = 1, and dDf^ C i?^'^, it is thus enough to lower bound Pa(x) for a G i?^'^\-D°'^. 
Since Pa(x) is harmonic and positive in B'^\Df^, by the Harnack principle for Z"^ (Proposition 
18^ . there is a C2{d) > such that for any a, b G B^-^D^'^ 

Pb(x) > C2Pa(x). 

Thus it is enough to bound for some fixed a G dDf^ fl B^. Let D* = ^(a, 0.6n) fl Z*^ and note 
that X G -D=f C B^, implying Pa(x) > Pa [tx < t^dJ By Proposition 1.5.9 in |Law96j . since 
X G 0(a, 0.4n) fl Z*^, Px [ra < rao.] > cn'^~'^, and by Proposition 18.91 we are done. D 
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9 Appendix B - Distance bound 

In this section we prove the following theorem. 

Theorem 9.1. Let ujq C T{N). If uq C TiN) is {N,k,p)-good (See\M^ where k>l,p> 0, 
then there is a C{k, p) < oo such that for all large N and any two vertices x, y G Wq 

rf^„(x,y) < Crfr(x,y)log('=-i)iV + C(logiV)^'^+^ 

where log'-™-' A^ is log(-) iterated m times of N. 

We start by reducing from the torus to top-level. boxes. To prove the theorem, it is enough 
to show that there exists a C{k,p) < oo such that for all large n, any u G Q^{n) and any 
X, y G CJ n b^{n) satisfy 

d^(x,y) < Cd,7(„)(x,y)W^-l)n + C(logr^)'"+^ (9.1) 

Note that while cuq is a subgraph of T as far as graph distance, we require (19.1 p to hold 
for a; as a subgraph of Z*^ (no wrap around). To see why this is enough, let x, y G T{N) 
and set n = [A^/10]. First assume there is a top-level box 6*(a, n) and x, y G 6^ such that 
X = Ojv(x),y = 0^(y). Letw = O]^\uo)nbl. Noteci^(x,y) > d^,{x,y) but since \\bl\\ < N/2, 
(i;,7(x, y) = (i7-(x, y). By (19. ip . since b^ is {^O]^'^{uo),k, p)-good by definition, we are done. If 
no such b^ exists, then by our construction of top-level boxes, dj-{'x,'y) > n. Let b^,by be the 
top-level boxes such that x G 6x, y G 6y. We can make a A-connected path of top-level boxes 
from X to y of length at most lOd. Since 61,62 that are A-neighbors satisfy that 61 C 62; by 
Remark 12.61 (19.11) implies the theorem. 

To simplify notation, we fix k,p,n and u G Q^{n) for the remainder of the section. We 

A k — i 

write Qi (resp. i-good) for Q^ (resp. (a;,2,pA'''~*)-good). 

We now utilize the recursive goodness properties of u to extract a single connected cluster 
of u which is a power of log w-distance from its complement in u and is "nicely" embedded in 
Z*^. Given an {i + l)-good box B where < ? < A; we write 

S{B, i) = {be (j{B) : b is z-good} , 

1 
and let as = ||A((T(i?))|| = \a{B)\'^ . Since -B is (i -|- l)-good, by definition we have that 

A5(S,i) G V^ctb)- Thus there exists a good cluster C{A{S{B,i))) satisfying Percolation 

Properties [DEIS] (See EJD. Let Ci{B) C a{B) be the set for which (AQ(5)) = C{A{S{B,i))). 

For i = 0, . . . , /c let us define /3j = f3i{u, n). Set fi^ = {B{n)} and ior i = k — 1, . . . ,0 recursively 

define /3j = {6 G Ci{B) : B G A+i}- See Figure [9TT] for a schematic illustration. 

Let Uj = s^'^'^^n). Thus for b G /3j we have ||6|| = Uj and also |cr(6)p < Quj/uj^i for 
all large n. Note that by Percolation Property [H {/3j(^)}-=o ^^^ nonempty for all large n. 
Roughly, IJ /3o is the nicely embedded cluster referred to above. Its precise properties follow. 

Given an \i + l)-good box B , let Cf (5) = {6 G Ci(5) : 6 n 5^ 7^ 0}. 

Lemma 9.2. Set bk = B{n). There is a C{k) such that for any x^ G 6| fl u, there are boxes 
{^i}i=o satisfying: (i) bi G Cf (6j+i) C f3i, and (ii) there zs a Xq G w fl 60 such that 



rf^(xfe,xo) < C{k) (logn 
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Figure 9.1: On the left is a scliematic example of B'^{n) where the black boxes represent /3fc = 
Cfc_i(i?(n)) and the gray ones 5(-B, k — l)\/5fc- On the right is a blowup of the framed region on the 
left where the small black boxes are a part of Pk-i- 

Proof. We use backwards induction. For 1 < j < A;, we prove that if Xj E B^ (1 u where 
Bj G (3j, then there is a bj-i G C^_i{Bj) C /3j-_i and a Xj_i G 6j_i satisfying 



du 



lXi,Xj. 



_i) < 0(^)^11 (log nJ)^ 



(9.2) 



Since the conditions of the lemma provide us with an initial x^ G B^{n) where by definition 
B{n) G /3fc, the bound on d^{'Xk, Xq) is proved by connecting x^, x,fc„i, . . . , Xq. 

We assumed Bj G f3j, so in particular, Bj is j-good. Let 6* G cr{Bj) be the sub-box of 5^ 
containing Xj and assume 6* ^ C^_^(-Bj) as otherwise we are done. Consider 

B= {b e B a{K, log \a{Bj)\) -.bnB^j^d)}. 

Since 6* fl i?| 7^ by assumption, |B| > log^ [^(fij)! and thus by Percolation Property [2] (See 
12. 3p . there is a 6j_i G B fl C^_^{Bj). Thus there is a A-path p C cr{Bj) of length at most 
dlog\a{Bj)\ starting at 6* and ending at bj-i. By Remark 12.61 on Qq (See 12.41) . for any A- 
neighboring boxes ba, fc/3 in the path, u Hba is connected to a; fl 6^ in w fl 6^. Choosing some 
Xj„i G w n 6j_i and using the volume of IJfeep ^^ ^^ ^ trivial distance bound, we get 19.21 D 

For < j < k note that although ||6i|| = II62II for any 61,62 G Pj, since they can be sub- 
boxes of different i?i, i?2, 61 is not in general an element of sp {62}. Thus for each < j < k 
we add a graph structure to (3j by defining a neighbor relation (~) between boxes 61,62 G /3j. 

We define that 61 ~ 62 if and only if 61 C 62 and 62 C 6f . Note this relation is reflexive, and 
that for (j + l)-good B and 61,62 G Cj{B), ^^3^(61,62) < d/^{bi,b2)- For the remainder of the 
section, any graph properties of Pj referred to, such as connectivity or distance, use the graph 

structure created by ~. 



Lemma 9.3. There is a Cd such that for each < j < k, if Bi,B2 G Pj are ^-connected, 
and we have 61 G C^_i(i?i),62 G C^„i(i?2), then dp^_^{bi,b2) < Cd{dp^{Bi, B2) V l)nj/nj^i. In 

particular, 61,62 are r^-connected in /3,_i. 



Proof. We prove the lemma for the special case of Bi ~ B2 (i.e. dfs.{Bi, B2) < 1). The 

general lemma follows by applying the neighbor case over a path in /3j realizing the ~-distance 
between two fixed boxes. By definition, Cj_i(i?i) and Cj_i(-B2) are each A-connected sets 
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and thus ~-connected. By Percolation Property [31 for z = 1,2 and any 6,6' G C^_^(i?j), 
dc^i{Bi){b,b') < CdrLj/rij^i. Since Cj_i(i?j) C /3j_i and ^-distance is at most A-distance, to 
finish the proof it is enough to show existence of bi G C^_^(i?i) and 62 ^ C^_^(52) such that 
hi C 6^ and 62 C 6f . For z = 1, 2 let D^ = {6 G a(5i) : b C B2} and let E^ = D^ n Cj_i(fii). 
Let A = LJDi and let E^ = UE^. Since Ei C A, we have AVA = (A\A) U {Di\Ei). By a 
volume bound, |i?2\A| < 2dnj_in'^~^ and by Percolation Property[Tl |Dj\Ej| < 10"'^ |cr(A)|. 

Since |cr(i?i)p < Grij/rij-i, this implies |A\-Ej| < {O.GrijY. As |i?2| = 't-j and ci > 2, we 
have by the bound on \B2\Ei\ for i = 1,2 that there is a x G A H E2. The containing boxes 

X G 6j G Cj_i(-Bi) for 2 = 1, 2 are thus ~-neighbors. D 

We now prove the Theorem by showing there exists a C{k,p) < 00 such that for any 
X, y G a; n B^{n), (19.1 p holds for all large n. 

Proof of Theorem \9.1[ We demonstrate there is a path from x to y in a; shorter than the right 
hand side of (19.11) . Let 6x,fc = B{n) and apply Lemma [22] to x to get boxes {^x.^liJo satisfying: 
(i) 6x,j G Cf(6x,j+i) C A, and (ii) there is a xq G Ci;n6x,o such that (i^(x, xq) < C{k) (logn) 
Observe that (i) implies xq G b^,^_^ for all large n. Set by^k = B{n) and apply the lemma to y 
as well to get by^i and yo with analogous properties. 

By Lemma [9.31 Pk-i is ~-connected, and more specifically, 

C?/3fc_2(^x,fc-2,6y,fc-2) < Cd((i/3j^_^(6x,fc-l,6y,fc_l) V 1) — . 

nk^2 
Iterating the lemma we get 

dp,{b^fl.byfi) < Cr^(rf&_,(6x,.-i,6y,fc-i) V 1)^^^. (9.3) 

77-0 

Since 6x,fc-i, 6y,fc-i G C\_^{B{n)), by Percolation Property [3] 

Tlh 

dCk-i{B(n)) {b^,k-l, by,k-l) < Cad„(^B{n)) (&x,fc-l, ^y,fc-l) V Ca log . (9.4) 

nk-1 

Where both are defined, ~-distance is at most A-distance and thus we may replace rfcfe_i(B(n)) {■, ■ 
in (19. 4p by (i/3j._-^(-, ■). Since Uk-i ■ da-(B{n)){-, ■) and dB'7{n){-, ■) are comparable, and using that 
^0 G &x,fc-Dyo e 6y^fc_i we have 

nk-ld(3^_,{b^,k-l,by^k-l) < Ca {dBT[n) (Xo,yo) V Uk-llogUk) . 

Plugging this into (19. 3 p we get 

dpo (^x,o, byfl) < C{k) (c/b7(„) (xo, yo) V log^ n) /no. 

By properties of Qq (See 12. 4p . vertices in ^-neighboring boxes in (5q are connected in cj in a 
path which is at most twice the volume of one box and thus we get 

dui (xo, yo) < C{k) [ds^n) (xq, yo) V log^ n) {n^f'^ . 

We pay a C (logn) term to connect x, y to xo, yo respectively. This terms also absorbs the 
(no) ~ log n factor above. Since (no) ~ is o ( log^ "~ -^ n 1 we are done. D 
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10 Appendix C - Random Interlacements notations. 

Let W and W^ be the spaces of doubly infinite and infinite trajectories in Z'^ that spend only 
a finite amount of time in finite subsets of Z*^: 

PF = {7 : Z ^ Z^; |7(n) - 7(71 + 1)| = 1, Vn G Z; lim \-f{n)\ = 00}, 

n— >itoo 

iy+ = {7 : N ^ Z'^; |7(n) - 7(n + 1)| = 1, \/n G Z; lim |7(n)| = 00}. 

n— >oo 

The canonical coordinates on W and PV+ will be denoted by Xn, n G Z and X„, n G N 
respectively. Here we use the convention that N includes 0. We endow W and W+ with the 
sigma- algebras W and W+, respectively which are generated by the canonical coordinates. For 
7 G IV, let range(7) = 7(Z). Furthermore, consider the space W* of trajectories in W modulo 
time shift: 

W* = W/ ~, where w ^ w' <^=^ w{-) = w'{- + k) for some A; G Z. 

Let TT* be the canonical projection from W to W*, and let W* be the sigma-algebra on W* 
given by {A C W* : {tt*)-^{A) G W}. Given K C Z"^ and 7 G W+, let ^i^(7) denote the 
hitting time of ii' by 7: 

HKh) = inf{n > 1 : X^ G K}. (10.1) 

For X G Z"^, let P^ be the law on (W^,W+) corresponding to simple random walk started at 
X, and for K (Z 7/, let P^ be the law of simple random walk, conditioned on not hitting K. 
Define the equilibrium measure of K: 

eKW = {„^'l^'' = °°l- m (10.2) 

Define the capacity of a set K C T/' as 

cap(/s:) = ^ ei^(x). (10.3) 

The normalized equilibrium measure of K is defined as 

ex(-) = ei,(-)/cap(i^). (10.4) 

For X, y G Z*^ we let |x — 1/| = ||x — y||i. We will repeatedly make use of the following well-known 
estimates of hitting-probabilities. For any x, y G Z'^ with |x — y| > 1, 



c\x 



y|-(^-2) < P^[H^ < 00] < d\x - y\~^''-^\ (10.5) 



see for example Theorem 4.3.1 in [LLIO] . Next we define a Poisson point process on W* x IR+. 
The intensity measure of the Poisson point process is given by the product of a certain measure 
V and the Lebesque measure on M^. The measure v was constructed by Sznitman in [Szn07] . 
and now we characterize it. For K (ZTJ^, let Wk denote the set of trajectories in W that enter 
K. Let W^ = 71* (Wk) be the set of trajectories in W* that intersect K. Define Qk to be the 
finite measure on Wk such that for A,Be VV+ and x G Z"', 

QK[iX^n)n>o eA,Xo = X, (X„)„>o E B] = P^ [A]e K (x) P,[B] . (10.6) 
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The measure v is the unique a-finite measure such that 

\^.^v = vr* o Q^^ \/K C Z"^ finite. (10.7) 

The existence and uniqueness of the measure was proved in Theorem 1.1 of |Szn07] . Consider 
the set of point measures in W* x ]R_|_: 






(10.^ 
u}{Wk X [0, u]) < oo, for every finite K C Z"^ and n G IR+ >. 



Also consider the space of point measures on W*: 

n= la = ^5^*;w* e W*, a{W^) < oo, for every finite K C zA . (10.9) 

For M > m' > 0, we define the mapping uJu',u from Q into Q by 

oo oo 

^u',u = ^S^*l{u' <Ui< n}, for u = ^5(«,*,«,) e Q. (10.10) 

If u' = 0, we write Uu- Sometimes we will refer trajectories in u^, rather than in the support 
of Uu- On Q we let P be the law of a Poisson point process with intensity measure given by 
v{dw*)dx. Observe that under P, the point process uju,u' is a Poisson point process on Vt with 
intensity measure {u — u')u{dw*). Given a G f2, we define 

X((t) = y w*{Z). (10.11) 

«)*Ssupp(ct) 

For < m' < M, we define 

X"''"=X(a;„,,J, (10.12) 

which we call the random interlacement set between levels u' and u. In case u' = 0, we write 
X". For a point process a on Q, we let a\A stand for a restricted to A C W*. 
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11 Index of symbols by order of appearance 

Symbol Page Definition 



T{N, d) 
On 

n{t) 

d 

piin 

sp{5(x,n)} 

A 

5" 

s{n) 

s«(n) 

a(S(x,n)) 

V{n) 

<l(r) 

$s 

<l>(n) 

Top,Bot 

B-traversal 

B-itinerary 

J^N{b,k,p) 



4 

4 

4 

5 

5 

5 

6 

6 

6 

6 

6 

6 

6 

7 

12 

13 

13 

16 

16 

17 

17 

19,25 

24 



(i-dimensional torus. 

For X G Z"^, On{x) = {xi mod N, . . . ,Xd mod A^). 

The range of SRW on tlie torus. 

Outer boundary. 

Inner boundary. 

{y e Z'^^ : Vi, 1 < z < rf, -n/2 < x(z) - y(z) < n/2}. 

{B{^ + Ei ^ikin, n) : {h, . . . , A;^) G Z^}. 

Tlie isomorpliism, A :sp{i?} — ?■ Z'^. 

For a box i? = B{x,n), 5" = -B(x, an). 

[logn]"^. 

s(-) iterated i times. 

sp{6(x, s{n))} n {&(y, s(r7,)) : y G B{x,5n + 3|'logn'l^}. 

Percolation configurations. 

/c-good configurations. 

inf{$5 : ArV3 ^ ^^^^ < ^ /\ (1 _ l/4rf)|a;o|} 

7r(5) 

inf{<l>5 : < 7r(5) <uA\}. 
Top and bottom projections of B^ on i?^. 
An ordered pair rj = {a,z), a GTop, z GBot. 
An ordered sequence of B-tr aver sals 

Each b G ct{B) is traversed top to bottom at least Ap||&||'^~^ 
The event {b n O^^ o 7^^(t) g ^^(n) : Vt > T}. 



times. 
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